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Abstract. We prove the existence and uniqueness of Kahler-Einstein metrics on log-Fano 
varieties whose Mabuchi functional is proper. We then study analogues of the works of 
Perelman, Tian and Zhu on the convergence of the normalized Kahler-Ricci flow, and of 
Keller, Rubinstein on its discrete version, Ricci iteration. In the special case of (smooth) 
Fano manifolds, our results on Ricci iteration yield smooth convergence without any ad- 
ditional condition, improving on previous results. Our result for the Kahler-Ricci flow 
provides weak convergence independently of Perelman's celebrated estimates. 
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Introduction 



Complex Monge-Ampere equations have been one of the most powerful tools in Kahler 



geometry since Aubin and Yau's classical works [lAub78| , |Yau78|| , culminating in Yau's solu- 
tion to the Calabi conjecture. A notable application is the construction of Kahler-Einstein 
metrics on compact Kahler manifolds. Whereas their existence on manifolds with trivial 
or ample canonical class was settled as a corollary of the Calabi conjecture, determining 
necessary and sufficient conditions on a Fano manifold to carry a Kahler-Einstein metric is 
still an open problem that attracts a lot of attention. 

degenerate complex Monge-Ampere 



In recent years, following the pioneering work [Tsu 



equations have been intensively studied by many authors. In relation to the Minimal Model 
Program, they led to the construction of singular Kahler-Einstein metrics with zero or 
negative Ricci curvature |EGZ09| or, more generally, of canonical volume forms on compact 
Kahler manifolds with nonnegative Kodaira dimension | ST09| ]. 

Making sense of and constructing singular Kahler-Einstein metrics on (possibly singular) 
Fano varieties turned out to require more advanced tools in the study of degenerate complex 
Monge-Ampere equations. A first step in this direction was taken in |BBGZ09|, which 
combined a variational approach with the finite energy formalism of [GZ07, BEGZIO] to 
give a new perspective on the classical results of Ding-Tian [Pian]. These techniques were 



then extended by the first named author in [ perlO| ], where an adequate extension of the 
Mabuchi functional to finite energy metrics was proposed using the notion of relative entropy. 
In the present work, we push this approach further to the case of (possibly singular) log- 
Fano varieties, and obtain analogues of the convergence theorems on Ricci iteration |lKel09 , 
Elub08 |, and of a weak version of the convergence of the Kahler- Ricci flow TZ07 |. The main 
new technical ingredient in the proof of our convergence results is a compactness result (with 
respect to convergence in energy) for metrics with uniformly bounded relative entropy. 



0.1. Log-Fano varieties. In this paper, we will (slightly abusively) call log-Fano variety a 
pair (y, D) consisting of a normal projective (complex) variety Y together with an effective 
Q-divisor D such that: 

• The pair {Y,D) has Kawamata log-terminal singularities {kit for short). 

• The log-anticanonical divisor —{Ky + D) is (Q-Cartier and) ample. 

We set n := diuiY and := l^eg \ suppD. The kit condition requires in particular that 
D has coefficients < 1; the latter condition conversely implies {Y,D) is kit in case the latter 
pair is log-smooth (in the sense that Y is smooth and suppZ) has simple normal crossings). 

Besides the log-smooth case, another interesting class of log-Fano varieties is provided 
by quotients of Fano manifolds (and, more generally, by Fano orbifolds). If G is a finite 
group acting on a smooth projective variety X then the ramification divisor of the Galois 
cover p : AT — > X/G =: Y can be uniquely written as the pull-back of an effective Q- 
divisor D. We thus have Kx = p*{Ky + D), which implies that (Y,D) is log-Fano iff X 
is Fano (see [ GK07[| for a nice discussion of the more general case of orbifolds, aka smooth 
Deligne-Mumford stacks) . 



0.2. Kahler-Einstein metrics: regularity, existence and uniqueness. There is a nat- 
ural notion of Kahler-Einstein metrics on a log-Fano variety (Y, D), defined as follows. Each 
metric <j) on the Q-line bundle —{Ky + D) induces in a canonical way a positive measure 
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on := Yreg \ suppL>, which is locally of the form 



m 



(y,D),0 - \cr\r4 



-2/r 



l/r 



where a is a local generator of the line bundle r^Ky + D) for r € N sufficiently divisible. 
The kit assumption amounts to saying that Ta(^Y,D),(i> has finite total mass on (when (j) 
is locally bounded), which then allows us to view m(^Y,D),4i ^ finite measure on Y. A 
Kdhler- Einstein metric is then defined as a locally bounded psh metric (j) on —{Ky + D) 
such that 



{d(f4>Y 



A m 



for some normalizing constant A > 0, where d(F 
ture current of (j)^ and the positive measure {ddP 



{Y,D),4, 

denotes (somewhat abusively) the curva- 
)" is defined in the sense of pluripotential 
theory iBT82|1 . 

As we shall see, any locally bounded Kahler-Einstein metric is in fact automatically 
smooth on Y^, and continuous on the whole of Y (cf. Theorem |7.6| below, which is a partial 
generalization of [ 5zTo09|| ). In particular, dd'^cj) induces a bona fide smooth positively curved 
Kahler-Einstein metric on Y^ . 

Regarding uniqueness, we obtain a version of [ BM87 ] in our context. Namely, we show 



that the identity component Aut'^(y, D) of the group of automorphisms of {Y^ D) acts transi- 
tively on Kahler-Einstein metrics (again modulo constants). Our proof mostly builds on the 
recent work of Berndtsson | Bernll[| , with some additional technicalities due to the possible 
singularities of Y . 

In the log-smooth case, the existence problem for (singular) Kahler-Einstein metrics was 
recently considered by the first named author in ||BerlO| , where the Mabuchi functional 
was extended to the setting of finite energy metrics, using the notion of relative entropy. 
Following this lead, we define a Mabuchi functional Mab(y^fl) and a J-functional J{y,d) iii 
our context, and say as usual that the Mabuchi functional is prope r if Mab(y £)) — )• +00 as 



'^{Y,D) ~^ +00. As in | BerlO |, we use the variational approach of | BBGZ09 | to show that 



the properness of the Mabuchi functional implies the existence of a Kahler-Einstein metric 
on {Y,D) (cf. Theorem |4.6| ), generalizing a result of Ding and Tian. It should be recalled 
here that for a (smooth) Fano manifold Y with H^{Ty) = 0, a deep result of Tian [Tia97], 
strengthened in | PSSW08[| , conversely shows that the existence of a Kahler-Einstein metric 
implies the properness of the Mabuchi functional. 



0.3. Convergence of Ricci iteration. In their independent works [Kel09| and |Rub05], 
J. Keller and Y. Rubinstein investigated the dynamical system known as Ricci iteration, de- 
fined by iterating the inverse Ricci operator. Our first main result deals with the convergence 
of Ricci iteration in the more general context of log- Fano varieties. 

Theorem A. Let (Y, D) he a log-Fano variety. Assume that its Mabuchi functional is 
proper, so that there exists a Kahler-Einstein metric (pKE, unique up to a constant. Given 
any initial smooth psh metric (po on —{Ky+D), consider the sequence of psh metrics {(pj)j>o 
inductively defined by solving for each j > 1 



{dd^'cjjjY = Xjvn^Y,D),4>,-i^ 
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where Xj > is a normalizing constant. Then is continuous on Y , smooth on , and 
there exists a sequence of normalizing constants cj such that (pj + Cj — > (pKE, the convergence 
being uniform over Y and in C°° -topology over Y^ — \ supp D . 

When Y is smooth and D = 0, this result had been conjectured in [ Rub08| , Conjecture 



3.2], while [ Rub08 , Theorem 3.3] established the result under the assumption that Tian's 
a-invariant satisfies a{Y) > 1 (a stronger assumption than the properness of the Mabuchi 
functional). Our main input in that case is Corollary 2.12 below, which yields the C^- 



estimate thanks to | Kol98 ], and allows to conclude using the same arguments as in | Rub08 ]. 

On the other hand, building on a preliminary version of the present paper to get the 
C^-estimate, a much more precise version of Theorem A was obtained in [|JMR11 , Theorem 



2.5], when Y is smooth and D is a supported on a smooth irreducible hypersurface. Using 
"edge calculus", the authors showed that the metrics involved have in particular cone (or 
edge) singularities along D, and prove that the convergence also holds in a way that encodes 
this information. 

0.4. Weak convergence of the Kahler-Ricci flow. Let again {Y, D) be a log-Fano vari- 
ety. Thanks to the work of J. Song and G. Tian |ST09(] , given any initial smooth psh metric 
^0 on —{Ky + D) there exists a uniquely defined complex Monge- Ampere flow {(j)t)t>o which 
is characterized by the following properties: 

(i) For each t > 0j is a locally bounded psh metric on —{Ky + D). 

(ii) The map {t,x) H- (pt{x) is smooth on ]0,+oo[xy'', where it satisfies the parabolic 
Monge- Ampere equation 



log 



v-\dd''(l)t)'' 



with V (resp. vt) denoting the volume of (dd'^cpt)^ (resp. m(y £)) 
(iii) limj _j.o+ 4't = </'o uniformly on compact subsets of Y^ . 
In particular, the family of Kahler metrics dd'^cptlyo evolves according to the normalized 
Kahler-Ricci flow. Our second main result is the following weak analogue for log-Fano 
varieties of Perelman and Tian-Zhu's result on the convergence of the Kahler-Ricci flow on 



Kahler-Einstein Fano manifolds jTZ07|. 



Theorem B. Let (Y, D) he a log-Fano variety. Assume that its Mahuchi functional is proper 
and denote by (/>ke Us Kdhler- Einstein metric (which is unique up to a constant). Given 
any initial smooth psh metric (ji^ on —{Ky + D) let (pt be the corresponding Kahler-Ricci 
flow as described above. Then we have 



and 



lim dd'^4>t = dd^(j)KE 

t— J- + CXD 



lim {dd'4>tr = (dd' cPkeT, 



both in the weak topology of currents on Y . 

In case Y is smooth and D = the above result is certainly weaker than Perelman's 
theorem, which yields convergence in C°°-topology (assuming H^{Ty) = 0). On the other 



hand, our approach, which relies on a variational argument using results of [BBGZ09], is 
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completely independent of Perelman's deep estimates - which are at any rate out of reach 
for the moment on singular varieties. 

0.5. Reduction to Monge- Ampere mean field equations. The proofs of the afore- 
mentioned results are actually carried out on a log-resolution of the log-Fano variety {Y, D). 
Let TT : X —?■ Y he a log-resolution of {Y, D) and let "00 be a reference smooth strictly psh 
metric on —{Ky + D). The (1, l)-form := it* dd^ipQ is merely semipositive on X, but it is 
also big in the sense that J^^ 9"" = v > 0. Mapping a metric (j) on —{Ky + D) to the function 
(f := TT*{(j) — ^o) on X defines a bijection between psh metrics and 9 -psh functions on X. 
We then have 

^*{d(fct)T = {9 + dd'^ipT, ir*m(^y^DU = e"'^/x 

where is a positive measure with density for some p > 1, thanks to the kit assumption. 
We thus see that the Kahler-Einstein equation for the metric (p reads 

(0 + ddV)" = (0-1) 
in terms of the corresponding 0-psh function ip. Following the terminology of [BerlO] we call 



this class of equations Monge-Ampere mean field equations. 

The first half of the article deals more generally with this class of equations for positive 
measures /u that have local Holder potentials in the sense that /U is locally the Monge-Ampere 
measure of a Holder continuous psh function. Besides positive measures with L^-density, 
this class of measures comprises for example Lebesgue measure on smooth real hypersurfaces 



of A by |HieplO |. 



A key property of measures with local Holder potentials is the exponential integrability 
property |pNS10| ], which guarantees in particular that 9-psh functions with identically zero 
Lelong numbers satisfy e~'^ G -^"^(m) fo^ Q < +c« (when fj, has density this follows from 
Holder inequality and the exponential integrability property of Lebesgue measure [|Sko72| ). 
Another key ingredient in our approach is the fact that 9-psh. functions with finite £^ -energy 
in the sense of [GZ07, BEGZld[ have identically zero Lelong numbers. This fact is non- 



trivial in our case since 9 is only semipositive on X. It is obtained as a consequence of a 



very recent joint work of B. Berndtsson and the first-named author |BeBell] on generalized 
Moser-Trudinger inequalities. 

Using these facts we may in particular introduce a Mabuchi-type functional Mab^ whose 
extremal functions are solutions to the Monge-Ampere mean field equation ( p.l[ ). A main 
technical aspect of our approach is a compactness result with respect to convergence in 
energy. This notion of convergence, which was introduced in [ [BBGZO^ , is well-adapted to 
pluripotential theory since it ensures continuity of the Monge-Ampere operator. Corollary 
3.11 states that any sequence {ipj) of (normalized) 9-psh functions whose Monge-Ampere 



measures {9-\-dd'^(pj)"' have uniformly bounded entropy with respect to the measure ^ admits 
a subsequence that converges in energy. The bounded entropy condition is in particular 
guaranteed when Mah^{ipi) is bounded above, under the assumption that Mab^ is proper. 

Relying on these results we obtain the following version of " Ricci iteration" in the general 
context of Monge-Ampere mean field equations: 

Theorem C. Let n be a positive measure on X with local Holder potentials and assume 
that the Mabuchi functional Mab^ is proper. Assume also that the Monge-Ampere mean 
field equation ( |^. J| j admits a unique solution ipMF modulo constants. 
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Let ifo be any initial 9-psh function with finite energy, and define inductively a sequence 
of 9-psh functions ipj by solving for each j > I 

which admits a continuous solution ipj that is unique up to a constant. Then there exists a 
sequence of normalizing constants Cj such that ipj + Cj converges uniformly to (fuF on X. 

This result then impHes the smooth convergence part of Theorem A thanks to an exphcit 
version of M. Paun's Laplacian estimates [Pau08]. Similarly, Theorem B is obtained as 
a consequence of a weak convergence result for certain Monge-Ampere flows satisfying a 
number of technical conditions. 



0.6. Structure of the article. The article is organized as follows: 

• Section |l] is a recap on degenerate Monge-Ampere equations. It provides in particular 
a quantitative version of [PauOS]. 



Section g is a reminder on finite energy conditions for quasi-psh functions and for 
measures. It emphasizes in particular the notion of convergence in energy, which 
was only mentioned in passing in [BBGZOS]. 



• Section ^ is devoted to the integrability properties of quasi-psh functions with finite 
energy against measures of finite entropy. 

• Section |^ is devoted to Monge-Ampere mean field equations and the corresponding 
functionals. A variational characterization of solutions is provided under adequate 
assumptions on the measure. 

• Section |5| studies 'Ricci iteration' in the context of Monge-Ampere mean field equa- 
tions and provides a proof of Theorem C. 

• Section |^ investigates the convergence of the Monge-Ampere flow associated to the 
Monge-Ampere mean field equation. 

• Section |^ proves existence and uniqueness of Kahler-Einstein metrics on log-Fano 
varieties with proper Mabuchi functional. 

• Section |8| contains the proofs of Theorems A and B, and also discusses examples. 

Acknowledgements. The authors would like to express their gratitude to Bo Berndtsson for 
uncountably many interesting discussions related to this work, and in particular for his help 
regarding the uniqueness theorem. 



1. Degenerate Monge-Ampere equations 

In what follows we denote by {X,uj) a compact Kahler manifold of complex dimension 
n = dimX, endowed with a reference Kahler form uj with associated volume form dV := uj^. 

1.1. Quasi-plurisubharmonic functions. Let ^ be a closed semipositive (l,l)-form on 
X, which is also big in the sense that its volume 




Jx 



is positive. We denote by PSH(X, 9) the set of all 9-psh functions on X, endowed with the 
weak topology unless otherwise specified. Recall that the weak topology and the L^-topology 
coincide on PSH(X, 9) for each p < -|-oo. 
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By [[EGZll ], every ^-psh function Lp may be written as the decreasing limit of a sequence 
{ifj) of continuous ^-psh functions. This should be compared with | Dem92| ], which enables 
to write 93 as a decreasing limit of a sequence ipj of smooth functions, but with a small loss 
of positivity, i.e. 9 + £jOJ + dd'^tpj > for some sequence ej > converging to 0. 

A ^-psh function 93 G PSH(X, 6) will be said to be normalized if supj^^ ip = 0. The set of 
normalized 0-psh functions is compact; indeed the map 

if 1-^ 9^ := 9 + dd'^cp 

induces a homeomorphism between normalized 9-psh functions and closed positive (1,1)- 
currents in the cohomology class of 9. Thanks to [ |BT82 |, we may define the Monge- Ampere 
operator on bounded 9-psh functions by setting 

MA((/7) := v-\9 + dd^^)''. 

With this normalization MA((/?) is a probability measure. 

1.2. The ample locus. By ]DP04 |, the condition J^9^ > guarantees the existence of a 
Kdhler current in the cohomology class of ^. In other words, there exists a 0-psh function 
"0 such that 6 + dd'^ip > Soj for some 6 > 0. As a consequence of |Dem92], one can then get 
the following more precise result (cf. IIDP04 Theorem 3.4]. 

Lemma 1.1. There exists ijj G PSH(X, ^) such that: 

(i) V smooth on a Zariski open set Q C X, 

(ii) tp —00 near dQ, 

(iii) the (1, l)-form {to + dd'^ij)) \q, is the restriction of a Kahler form uj on a compactifi,- 
cation X of Q dominating X. 

More precisely, condition (iii) means that there exists a compact Kahler manifold {X,oj) 
and a modification ir : X ^ X such that n is an isomorphism over il. and tt*{uj + dd^ip) = u) 
on 7r"i(f^). 

By the Noetherian property of closed analytic subsets, it is easy to see that the set of all 
Zariski open subsets so obtained admits a largest element, called the ample locus of 9 and 
denoted by Amp (0) (see [Bou04, Theorem 3.17]). Note that Amp (0) only depends on the 
cohomology class of 9. 

1.3. Monge- Ampere equations: continuous solutions. Recall that Monge-Ampere ca- 
pacity Capg is defined as the upper envelope of the family of measures 

{MA((^), if G PSH(A:, 9) with < if < 1} . 

The following result extends Kolodziej's fundamental theorem [ Kol98[ | to the big semipositive 
case. 



Theorem 1.2. |EGZ09, DZIO, EGZll] Let jj, he a positive measure such that Jx l^ — fx 
and 

H<A Cap^+^ 

for some A,e > 0. Then there exists a unique normalized continuous 9-psh function 99 such 
that 

{9 + ddV)" = Ai- 

// we are furthermore given C > such that 9 < C uj and v > C~^, then we have an 
L^^ -estimate —M < 93 < where M > only depends on A, C , and e. 



8 



R.J. HERMAN, S.BOUCKSOM, P.EYSSIDIEUX, V.GUEDJ, AND A. ZERIAHI 



The existence of a unique bounded solution with L°°-estimate was obtained in |EGZ09| by 
adapting Kolodziej's approach to the big semipositive case. Continuity of the solution was 
subsequently established in [ DZ1C| ] when 9 is the pull-back of a Kahler form by a generically 
finite morphism, and in [EGZll] in the general case. 

We also recah the following result (cf. [|Kol98| , |EGZ09|| ): 



Lemma 1.3. Let fi = f dV be a measure with L'p -density with p > 1 and let C > such 
that II /II LP < C and 6 < C to. Then there exists ^ > only depending on p and C such that 

fj, < A Capg . 

Combining these results we thus have: 

Corollary 1.4. Let f & L^ with p > 1, J f dV = v and let C > such that ||/||lp < C and 
6 <Cuj, V > C~^. If if is a normalized bounded 9 -psh function such that 

[9 + dd^ipr = fdV 
then there exists M > only depending on C and p such that —M<ip<0. 

1.4. Monge- Ampere equations: higher regularity. The goal of this section is to present 
a quantitative version of the main result of [ Pau08| ] , in a form that will apply later to Ricci 
iteration. In what follows A = tr^^ dd"^ denotes the (analysts') Laplace operator with respect 
to the reference Kahler form cj. 

Theorem 1.5. Let fi be a positive measure of the form = e^^~^ dV with quasi-psh 
and e""^ E L^ for some p > 1. Assume that ip is a bounded 9 -psh function such that 
[9 + dd'^ip)"' = fi. Then we have Aip = 0{e^^ ) locally in Amp (9). 
More precisely, assume given a constant C > such that 

(i) dd'^tp'^ > —Cu and supx < C. 

(ii) dd^ij- > -Cuj and ||e-^"||LP < C. 

Let also U d Amp (9) be a relatively compact open subset. Then there exists A > only 
depending on 9, p, C and U such that 

0<9 + ddV < A e"*^" Lo on U. 



Remark 1.6. As in [ Pau08 |, we note that Demailly and Kolldr's openness conjecture 
[pKOl| ] predicts that e^^ € L^ should already imply e~^ G for some p > 1. This 
is known to hold when has analytic singularities, as one sees by spelling out the integra- 
bility condition on a log-resolution of the singularities of ip' . The 2-dimensonal case of the 



openness conjecture was established in | FJ05 | 



Remark 1.7. We also recall that Aip S Lj^^^ for some q < -\-oo implies that ip locally belongs 



to the Sobolev space W'^''^, which in turn yields (p G C^'°^ for all a < 1 — ^ by the Sobolev 
embedding theorem. 



Theorem 1.5 recovers in particular |Yau78, Theorem 7, p. 398]. By the Evans-Krylov- 
Trudinger theory, it also yields the following regularity result, which extends to the big 
semipositive setting a special case of | SzToOS| ]: 
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Corollary 1.8. Let ^ = e^^-'l' dV he as in Theorem [j.^ and let ip be a bounded 9-psh 
function such that 

{e + dd^^Y = e'V 

for some c G M. If and tp~ are both C°° on a given open subset U o/ Amp [9) then so is 
if. 



Proof of Theorem 1.5. We may of course assume that if is normalized. During the proof 
A, Ai, ... will denote positive constants that may vary from line to line, but are under control 
in the sense that they only depend on 9, p, C and U. Since U is contained in Amp (9), we may 



choose a Zariski open set Q D U and a 0-psh function as in Lemma 1.1, so that {9 + dd^il!)]^^ 
is the restriction of a Kahler form tj on a higher compactification X of 17, so that oj > 5ljj 
on Q for some 5 > 0. 



The proof of Theorem 1.5 is divided in two steps. In the first and main one, an a priori 
estimate for smooth solutions of non-degenerate perturbations of the equation is established. 
In the second step we conclude using a regularization argument. 

Step 1: A priori estimates. For < e < 1 we set := u + eu, viewed as a Kahler form 
on 0,. Note that > Sco, so that 

tr^,{a) < 5-Hr^{a) (1.1) 

for every positive (1, l)-form a. Assume that and 'tp~ are smooth functions satisfying 
(i) and (ii) of Theorem |1.5| , and assume given a smooth normalized ^^-psh function such 
that 

i9 + euj + dd^^eT = dV. (1.2) 

The goal of Step 1 is to establish that |A(^e| < Ae~^ on U with ^ > under control. 
Since we have < Auj over U with A under control, it will be enough to prove that 

ul}'^ := 9 + euj + dd^ipe 

satisfies tri^^{u}'^) < Ae~^ on U. 

We first recall the Laplacian inequality obtained in |Siu87, pp. 98-99]: if r, r' are two 
Kahler forms on a complex manifold, then there exists a constant B > only depending on 
a lower bound for the holomorphic bisectional curvature of r such that 

A., logtr.(r') > -^^^^pp -BtT,,iT). (1.3) 

We remark that Siu's argument uses the fact that r and r' are dd'^-cohomologous. But the 
general case is valid as well since Siu's computations are purely local and any Kahler form is 
even locally dd'^-exact. This being said, let us apply this inequality to the two Kahler forms 
uje and cjg on il. 

Since uj extends to a Kahler form on a higher compactification X of 0, the holomorphic 
bisectional curvature of uj^ = u + e ui is obviously bounded over 12 by a constant B > 



under control, and ( |1.3D yields 



A^, logtr^^(u;^) > -Bir^,{u:,). (1.4) 
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On the other hand, applying dd'^log to ((^e)" = e'^^~'^ yields 

-Ric(a;^) = -Ric(a;) + d<f^j+ - dd^ip' > -Aoo - dd'^^p' 
where A is under control thanks to (i). Using tr(^^(a;) < n5^^ and the trivial inequality 

n < tr^^ (w^) tr^/ (w^) (1.5) 



we thus infer from (1.4) 

A,, logtr^,(4) > -AtT^,{u;e). (1.6) 

with A under control. 

We next argue along the lines of |PauOJ , Lemma 3.2] to take care of the term Ai^^^~ . By 
(ii) we have AlVs + dd^ip~ > with A under control. Applying tr^^ to the trivial inequality 

< Aujs + dd^'ip' < tr ^'^{Auj^ + dd''ijj~)u'^ 

yields 

< + A^>- < (Atr^/(a;e) + A<^/^-)tr^^(4). 
Plugging this into ( |1.6D and using again ( |1.5D we thus obtain 

A^^ (logtr^^(w^) + > -Atr^>{uje). (1.7) 
where A is under control. Now set 

Pe ■■= - V', 

so that = We + dd'^pe- We then have n = tr^/ (wg) + A^^/ p^, and we finally deduce from 



L^) that 

Ao;^ (logtr^^(a;;) + V" - ^iPe) > tr^, (w,) - A2 (1.8) 

on 0, with Ai,A2 under control. 

We are now in a position to apply the maximum principle. On the one hand, ps = ^Ps — ip 
tends to +00 near dQ (cf. condition (ii) in Lemma |1 . 1[ ) . On the other hand, tiCui^iio'^) < 
tri^{uj'^) is bounded above on $7 since u'^ is smooth over X. The function 

H := logtTu^S^'e) + i'^ - AlPe 

therefore achieves its maximum at some xq € fi, and ( p..§| ) yields tv^i^{u)s)i^o) ^ ^2- On the 
other hand, trivial eigenvalue considerations show that 

tr.,(r2)<n(r27rr)tr.,(n)«-i 

for any two Kahler forms ti,T2, whence 

log tr^^ (w^) < - V'" + log + (n - 1) log tr^ (w^) + log n 

by (1.2). Using u < d^^ujs it follows that 

H <A3 log tr^/ (us) +A4- Aip, 

where A^jA^ are under control, and we obtain 

sup H = H{xq) < Ar, — Ai inf Pe < A^ — Ai inf cp^ 
n n X 
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with A5 under control, since pe 



ip and "0 ^ 0- By the L°°-estimate provided by 



Corollary 1.4 we now obtain 



log tr^^ {J,) + - Aipe = H <A 

on 0, for some constant A under control. Since ip^ is normalized we conversely have 
< —"0 < Aq over U Q, and we finally infer as desired tr^_(cje) < Ae~^ on U. 



Step 2: Regularization. We now consider the set-up of Theorem 1.5. By Demailly's 



regularization theorem Dem92| ], there exist two decreasing sequences of smooth functions 



ijj- such that 
• limi 



-A u) for some ^ > under control. 



In fact, the constant yl > depends in principle on the Lelong numbers of the quasi-psh 
functions according to Demailly's result, but these Lelong numbers can be uniformly 
bounded in terms of the lower bound —Clo for ddPijj^ by a standard argument, see for 



instance |Bou02, Lemma 2.5] 



For each < e < 1 the closed (1, l)-form 9 + euj is Kahler, and Yau's theorem [Yau78] 
yields smooth normalized ^^-psh functions (^gj- such that 



where c^.j G M is a normalizing constant. Since e^^ < is uniformly bounded in 

Z/P, is under control and Step 1 of the proof shows that 



\^iPe,j\ <Ae 



(1.9) 



over [/, with A > under control. 

Now for each fixed j it follows from [ BEGZIO , Lemma 5.3] that ip^^j converges weakly as 
e — > to the normalized solution (/?-,• of 



+ dd^ifjY 



which therefore satisfies as well jA^jjl < Ae~^i on U. But we also have e^j — > C 
in by dominated convergence, and it follows that (pj — > ip weakly on X by the degenerate 
version of Kolodziej 's stability theorem ([|EGZO£ , Theorem A] , see also Corollary |3.12| below) , 
which concludes the proof of Theorem |l.5|. □ 



Proof of Corollary \1.8^ - Theorem shows immediately that A99 is locally bounded on U , 
and in particular (/? G W'^'^ locally on U for every p < +00. As explained in p31o99| l, we may 
then apply Trudinger's regularity results for solutions to fully non-linear elliptic equations 
[ Tru84 | to get ip £ C^'° for some a > 0, locally on U. We then conclude that ip is actually C°° 



on U following the standard elliptic boot-strapping technique (differentiating the equation 
and using Schauder's estimates for linear second order elliptic PDE with Holder continuous 
coefficients) . □ 
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2. Finite energy conditions 

The goal of this section is to collect basic facts about quasi-plurisubharmonic functions 
with finite energy. We refer to [1GZ07| , |BEGZ10| , |BBGZ09| for more details. We denote by 



X a compact Kahler manifold and by ^ a fixed smooth closed semipositive (1, l)-form such 
that V := 9"- > 0. 

2.1. Functions with full Monge- Ampere mass. Given a general ^-psh function ip, the 
function ip^ ■= max{(/?, — A;} is ^-psh and bounded for each k, and it follows from [BT87] 
that the sequence of measures ■= l|(^>_fcj,MA((/9fc) satisfies 

SO that it is in particular non-decreasing. We then say that if has full Monge- Ampere mass 
if limfc^oo A*fc ( A) = 1, which means that the positive measure 

MA{ip) := lim l|^>_fe|MA (max{^, -fc}) 

is a probability measure. The Monge-Ampere operator so defined on ^-psh functions with 
full Monge-Ampere mass is then shown to be continuous along monotonic sequences. 

The set of 0-psh functions with full Monge-Ampere mass is denoted by £{X,9), and we 
set 

£Hx,e) := {if G Six, 6), ipeL^ (MA((^))} . 

It is important to note that £^{X, 9) is not a closed subset of PSH(A, 9), so that the set of 
normalized ^-psh functions with finite energy is not compact. 

2.2. The Monge-Ampere energy. Just as in the usual case of Kahler potentials, the 
Monge-Ampere operator defined on bounded 0-psh functions admits a primitive, which 
means that there exists a functional E defined on bounded 0-psh functions and such that 

^ E{t^ + {1- = Uv- V')MA(V^) 
at t=o J 

for any two bounded 9-psh functions ip, ^. This functional E is uniquely determined up to 
a constant, which can be normalized by requiring E{<S) = 0. Integrating along line segments 
yields the explicit formula 

E{^) - EW = Y^v-^ h^- i;)9l A 9;-^ (2.1) 

" j=o 

for any two bounded 9-psh. functions ip,ip. The functional E trivially satisfies the equivari- 
ance relation 

E{ip + c) = E{ip) + c 

for each c G M. It is also shown to be concave and non-decreasing on bounded 0-psh 
functions, and it can thus be extended by monotonocity as a functional 

E : PSH(A,0) ^ [-oo,+oo[ 

by setting E(ip) := inf^>(^ £'(■0) where ip ranges over all bounded 9-psh. functions such that 
Ip > ip on X. The functional E of course remains concave and non-decreasing on PSH(A, 9), 
and it is furthermore shown to be upper semi-continuous. 
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As was shown in [pZ07| (see also [ BEGZ10| ), the domain of the functional E coincides 
with the set £^(X,6) defined above, i.e. we have 

£^[x, e) = {ipe PSH(x, e), E{ip) > -00} . 

By upper semicontinuity of E it follows that the convex set 

£c{X,e) := |v9 G sup^ < C7 and E{^) > -c| (2.2) 

is compact for each C > 0. 

We finally recall the definition of two related functionals that were originally introduced 
by Aubin. The J -functional (based at a given tp E £^(X,6)) is the translation invariant 
functional defined by setting 



J^((^) := E{^) + V')MA(V') - E{^). 



Note that J^{^p) = E^ip) + {ip — ijj, E'^ip)) — E{ip) > by concavity of E. For ip = we simply 
write J{^p) := Jo{^), which induces an exhaustion function of £^{X,6)/]R. by compactness 
of£},iX,9). 

Finally the I -bifunctional is the translation invariant symmetric bifunctional defined by 



I{ip, i;)= Ji^-i;) (MA(^) - MA((^)) , 

which is also non-negative by concavity of E. These functionals compare as follows (cf. for 
instance ||BBGZ09| , Lemma 2.2]): 

n-^Mi') < J^{^) < /((^,V) < (n + l)J^(99) (2.3) 

When ip = we simply write ■= 0), 

2.3. Measures of finite plurienergy. The plurienergy of a probability measure fj, is de- 
fined as 

E*{fi) := sup (e{^) - [^^) e [0,+oo]. (2.4) 

This defines a convex Isc function E* : M{X) [0, +00], and a probability measure // is 
said to have finite plurienergy if E*{fj,) < +00. We denote the set of probability measures 
with finite plurienergy by 

M\X,e) = {E* < +00}. 
If n is of the form MA((/?) for a given 99 G £^{X, 6) then we have 



E* (MA(<^)) = E{^) - J ^MA{^) = J^(0) = (/ - J){v) (2.5) 

by concavity of E, and consequently the following Legendre duality relation hold: 

E{^)= inf (i?*(/i) + (v9,/i)). (2.6) 

fj.£M{X) 



Conversely it was shown in [BBGZ09] that every ^ G M^{X, 6) is of the form /i = MA((/9^) 
for a unique normalized function Lp^ G £'^{X,6). Note that 

n-^E*{^l)<J{^^)<nE*{^l) (2.7) 



by (2.5) and (pj). 
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2.4. Convergence in energy. In order to circumvent the discontinuity of the Monge- 
Ampere operator with respect to the weak topology of £^{X,6), the following notion of 
convergence was introduced in ||BBGZ09|| . 

Definition 2.1. Let ipj G £^{X,9) be a sequence of normalized 9-psh functions. We say 
that ipj converges to G £^{X,6) in energy if I{ipj,ip) — )• 0. 

Convergence in energy implies in particular weak convergence (cf. Lemma |2.4| below). As 
an example, if ipj converges either monotonically or uniformly to if then ipj —^ip'm energy by 
the continuity properties of the Monge- Ampere operator. Convergence in energy is indeed 
well-adapted to the Monge- Ampere operator, as illustrated by the following result [BBGZ09, 
Lemma 3.12 and 5.8]: 

Theorem 2.2. Let G 6). If (pj, (p are normalized 9-psh functions such that ipj — ?> (p 

in energy then 

lim f il)Mk{ipj) = [ V'MA((^) 

and 

lim / 99jMA(V') = / (pMA{i;). 

In each case the convergence is furthermore uniform with respect to if) if the latter stays in 
8c{X,9) for some C7 > 0. 

Corollary 2.3. Let ^ he a measure with finite plurienergy. 

(i) /i acts continuously on £^{X,9) for each C > 0. 

(ii) If fj p in energy then MA{ipj) MA{p) in the weak topology of measures and 
J Pj fi J ip fi, uniformly in terms of E*{fi). In particular ipj —^cpin capacity. 

Convergence in energy admits the following equivalent characterizations: 

Lemma 2.4. Let ipj,ip he normalized 9-psh functions. The following are equivalent: 

(i) pj converges to p in energy. 

(ii) Pj — ?• p weakly and E{pj) E{p)- 

(iii) j{pj - p)Mk{pj) ^ 0. 

(iv) Pj is a maximizing sequence in the supremum (2.4) defining E* (MA{p)), i.e. we 
have 

lim (^E{pj) - j pjMk{p)^ = E* {Mk{p)) . 

Proof. The equivalence of (i) and (ii) follows easily from Theorem and the following 
consequence of (2.3): 

(n + l)-H{pj,p) < E{p) - E{pj) + fipj - p)Mk{p) = J^ipj) < Iipj,p). 



To see (i)=^(iii), apply Theorem 2^ to the identity 

I{pj,p) = j (pj - p) {MK{p) - Mk{pj)) 
Assume conversely that (iii) holds. By concavity of E we have 

> E{pj) > [ {p?j - p?)MA{pj) + E{p) 
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thus E{ipj) is uniformly bounded. Since MA{ip) acts continuously on £^{X,9) for each 
C > by Corollary |2ll, it follows that (iii) implies (i) . Finally (|2l5|) shows that 



E*{Mk{^))-{E(^,)- j i 



which implies the equivalence between (i) and (iv) thanks to (2^) again. 



□ 



Remark 2.5. In view of (ii) we can actually define a topology of convergence in energy on 
f ^(X, 6) as the coarsest refinement of the weak topology for which E : S^{X, 9) ^ M. becomes 
continuous. 



Corollary 2^ combined with ||EGZ09 , Proposition 2.16] yields the following result: 
Proposition 2.6. Let ipj € £^{X,9) and assume that there exist A,e>0 such that 

MA{ipj) < ACapg+^ 
for all j. Then ipj —?■ ip in energy implies ipj — )• ip uniformly. 
2.5. Exponential estimates. 

Definition 2.7. A big and semipositive (1, l)-form 9 will be said to satisfy condition (L) if 
all if G £'^{X,9) have identically zero Lelong numbers. 



By a result of Skoda ]Sko72(| , this condition equivalently says that e"*^ lies in for all 
p < +00. Condition (L) is easily checked when is a Kahler form, see [GZ07|. We conjecture 
that condition (L) is in fact satisfied for any big semipositive form 9. 

As a consequence of their generalized Moser-Trudinger inequalities, Berndtsson and the 
first named author proved in [BeBell] that condition (L) holds under the assumption that 
9 is (up to a multiple) the curvature form of a smooth metric on a holomorphic line bundle. 
More precisely: 



Theorem 2.8. pcBell | Assume that the cohomology class of 9 lies in the real Neron- 
Severi space NSir(X) C M), i.e. the space of cohomology classes of ^-divisors. Then 

condition (L) holds. 



By Holder's inequality and [lSko72 |, condition (L) implies that e""^ € LP{fi) for all p < +oo 
and all measures with L'^ density with respect to Lebesgue measure for some q > 1. 
Thanks to [ DNSIOH , this exponential integrability property is actually valid in much greater 
generality. In order to state the result we introduce the following terminology. 

Definition 2.9. A positive measure fi on X will be said to have local Holder potentials if 
it is locally equal to the Monge- Ampere measure of a Holder continous psh function. 



It follows from ||Kol09|] (resp. fpiepiq] ) that every measure with L^-density for some 
p > 1 with respect to either Lebesgue measure on X or Lebesgue measure on a smooth real 
hypersurface has local Holder potentials. We now have: 



Theorem 2.10. [DNSIO] Let fi be a positive measure on X with local Holder potentials. 
Then there exists 6 > such that the following holds. For each compact set K, C PSH(X, 9) 
such that z^((y9, x) < 5 for all x ^ X and all ip ^ K, we have sup^gj(^ j e~'^dfi < +oo. 
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This result actually follows from the proof of [ DNSlOj , Theorem 1.1], injecting Skoda's 
theorem as step of their inductive argument, which yields the result with 6 := 2(0/3)" 
if Q is a Holder exponent for potentials of fi. It is easy to refine their argument to get 
6 = 2 



a+2 



Following [BerlO|, we introduce a uniform integrability exponent, or a-invariant, gener- 
alizing the classical one of ||Tia87| , [TY87|| as follows: 



Definition 2.11. Given a measure fi with local Holder potentials, the a-invariant o/PSH(X, ( 
with respect to fi is defined as 



a{d, fj) := sup < a > 0, sup 



e-'"^dn < +00 



where the inner sup is extended over all normalized 9-psh functions (p. 



Note that a{9,fx) > by Theorem 2.1C , which also implies: 



Corollary 2.12. Let ^ he a positive measure on X with local Holder potentials, and assume 
that 9 satisfies condition (L). For each ip € £^{X,9) we then have e~'^ G -^^(a*) /o?^ o,ll 
p < 00. Furthermore given C > and p < +00 both the identity map and the map ip 1— )• e~'^ 
define continuous maps £^[X,9) L^ilj)- 



Proof. Let (p>j —t- 93 be a convergent sequence in £^{X,9) for some C. By [ BT87 | we have 
(p{x) = lira snp j ipj{x) holds for all x outside a pluripolar set, hence fj,-a.e. since Monge- 
Ampere measures of bounded functions put no mass on pluripolar sets. By the Brezis- 
Lieb lemma, showing Jlipjl'^n J [(^l^^u and / e~P'^^ fi J e~^'^fi will thus imply the 
corresponding convergence in L^{f^). Now £q{X,9) is compact, and Theorem ^.10 shows 
that both fj := \(pj\^ and gj := 6"^*^^ are uniformly bounded in i^(/i). We thus get the 
desired result arguing exactly as in the proof of (iii)^(i) of | BBGZ09| , Theorem 3.9]. □ 

We conclude this section with the following technical fact, which is implicit in [ |HieplO|] . 

Lemma 2.13. Let fi be a measure with local Holder potentials. Then for each p > there 
exists > such that fi < Ap Capg. 



Proof. We provide a proof for the convenience of the reader, following | Zer01 |. Let K he a 
compact and non-pluripolar subset, and introduce the extremal function Vk, defined as the 
upper envelope of the family of 9-psh functions ^p such that ip <0 on K. Its use regularization 
is then 9-psh and satisfies < on K except possibly outside a pluripolar set. In 
particular we have < /x-a.e. on K. If we set 

Mg{K) := supV^ 

X 

then we have the following version of the Alexander- Taylor comparison theorem (see for 
instance fBEGZlQ , Lemma 4.2]) 

Cape(i<:)"^/" < max{l,M0(K)}. (2.8) 

By Theorem p.lO| there exists e,C > such that / e~'^^dfj. < C for all normalized 0-psh 
functions Lp. Applying this to ip := — Mq{K) yields / e~^^Kdfi < Ce~^^o^^\ hence 
/w(-fir) < Ce""^^^**-^-* since < //-a.e. on K. From there the result easily follows using 

(ID. □ 
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3. Measures of finite entropy 

3.1. The Holder- Young inequality. This section provides a brief recap on tiie Holder- 
Young inequality. 

Definition 3.1. A weight is a convex non- decreasing lower semicontinuous function x '■ 
[0, +00] [0, +CX)] such that x~^{^} = {0} ^'^^ x(+oo) = +00. Its conjugate weight 
X* '■ [0, +00] — [0, +00] is the Legendre transform ofxi\ " I); 

X*{t) := sup {st - xis)) . 

s>0 

By Legendre duality with have x** = X- Apart from the well-known case of the conjugate 
weights sP/p and f^/q with | + | = 1, the main example for us will be: 

Example 3.2. The congugate weight of x(s) := (s + 1) log(s + 1) — s is 

X*{t) = e' -t-l. 

Definition 3.3. Let {X, ji) he a measured space and let x be a weight. The Orlicz space 
L^in) is defined as the set of all measurable functions f on X such that J x (e|/|) d// < -|-oo 
for some e > 0. 

Observe that / G L^ifJ-) iff sf belongs to the convex symmetric set 

B := l^geL^ifi), Jx{\g\)dfi<l^ 

for < e <C 1. The Luxembourg norm on L'X-{^) is then defined as the gauge of B, i.e. one 
sets for / G L^{ij) 

||/|Ux(^) := inf !^a>0, Jx K Vl) < l} • 

It turns L^(n) into a Banach space. 

Proposition 3.4. [Holder- Young inequality] For any two measurable functions f G L^{ii) 
and g G L^ (/n) we have 

J \fg\d^l < 2||/||lx(^)||5||lx*(;,)- 

We recall the straightforward proof for the convenience of the reader. 

Proof. We may assume that the right-hand side is non-zero. By homogeneity we may assume 

that ||/||lx(^) = \\g\\Lx*{f,) = 1, hence /x(l/l)a!/v, < 1 and / x* HqI) dfi < 1. Wc have \fg\ < 
+ X*(lfi'l) pointwise on X by definition of x*) hence J \ fg\dfj, < 2 after integrating, 
and the result follows. □ 

Corollary 3.5. Let u = f jj, he a positive measure that is absolutely continuous with respect 
to fjL and let x be a weight function such that j xif) d^ < A for some 1 < ^ < -|-oo. Then 
we have 

yh^u) < 2^ii5|Ilx*(;^) 

for every measurable function g. 



18 R.J. HERMAN, S.BOUCKSOM, P.EYSSIDIEUX, V.GUEDJ, AND A. ZERIAHI 

Proof. The assumption amounts to ||/|l2,A-ix(;i) — 1' ^^'^ the weight TA{t) := A^^x*{At) is 
conjugate to A~^x- O^i other hand it follows from the definition that 

since A > 1, and the result follows from the Holder- Young inequality. □ 
3.2. Relative entropy. Let X be a compact topological space. 

Definition 3.6. Let ii,v he probability measures on X. The relative entropy H^{v) G 
[0, +00] of V with respect to (j. is defined as follows. If v is absolutely continuous with respect 
to n and f ■= satisfies / log / € L^ilj) then 

H^{v) := j f\ogfd^i = j log du. 

Otherwise one sets Hfj^[u) = +00. 

We will use the following basic properties of the relative entropy. 

Proposition 3.7. Let ii,v be probability measures on X. 
(i) We have 



Hfii'-') = sup ( I gdv — log / e^d^ I . 



(ii) H^j_{u) > ^Wfi — z^lp. In particular II^{i') = iff u = fi. 

Part (i) says that is the Legendre transform of the convex functional g 1-^ log J e^dfi. 
In particular it is convex and lower semi-continuous on Ai{X). We refer to |DZ| , Lemma 
6.2.13] for a proof. 

The norm in (ii) denotes the total variation oi fx — v, i.e. its operator norm as an element 
of C^{X)* . The inequality in (ii) is known as Pinsker's inequality, see [DZ, Exercise 6.2.17] 
for a proof. For later use we note: 

Lemma 3.8. For each lower semi- continuous function g on X we have 



sup ( / gdv - H^{u) \ = log / e^dfi. 



-^M{x) 

Proof. When g is continuous this follows from Legendre duality (i.e. the Hahn-Banach the- 
orem). Assume now that g is an arbitrary Isc function. The inequality 



j gdv< log j eUn + H^{v) 



is a direct consequence of Jensen's inequality. Conversely since g is Isc there exists an increas- 
ing sequence of continuous functions gj < g increasing pointwise to g. By the continuous 
case we get for each j 

log / e^^dn= sup ( / gjdu - H^{v) \ < sup ( / gdu - H^{u)\ 

J v£M(X) \J J veM.{X) \J J 

and the result follows by monotone convergence. □ 



KAHLER-RICCI FLOW AND RICCI ITERATION ON LOG-FANO VARIETIES 



19 



3.3. Entropy vs plurienergy. We come back to our original setting, so that X now de- 
notes a compact Kahler manifold endowed with a big semipositive (1, l)-form 9. We start 
by showing that the entropy controls the plurienergy E* . 

Proposition 3.9. Assume that fi is a probability measure on X with local Holder potentials. 

(i) For each < a < a{9,fi) there exists C > such that 

H,,{u) > aE*{u)-C. 

for all probability measures u on X. 

(ii) If a{9, /i) > then there exists e,C > such that 

> {l + e)E*{u)-C 

for all V. 

Proof. By definition of a{9,fi), given a < a{9,fi) there exists C > such that 



log / e ""^dfi < —asupip + C 
J X 

for all 9-psh functions if. Since MA(0) is a probability measure it follows that 



log j e-'^'Pdfi >aj 99MA(0) - C > aE{^) - C. 



By Lemma 3.8 this implies 

H^,{v) > a sup (^j tfMA{0) - j ipi^j - C > aE*{u) - C, (3.1) 

which already proves (i). In order to prove (ii) we may assume that H^[v) is finite. By (i) it 
follows that E*{v) is finite as weh, hence v = MA((^) for some ^3 G £ {X,9) by [|BBGZ09|| . 
By the first inequality in ( ^.l| ) we then obtain Hf^{y) > al{(f) — C, hence 

H^iu) - E*{u) > (a - l)/(v9) + J{ip) - C 

> (q - 1 + (n + l)-i) -C={a-n{n + l)-^) I{ip) - C 
by (|^. (fi) follows since I{ip) > I (if) - J {if) = E*{v). □ 

The following technical result is crucial to our approach. 



Theorem 3.10. Assume that condition (L) of Definition 2/^ is satisfied. Let fi be a prob- 
ability measure with local Holder potentials and let ipj ip be a convergent sequence in 
£q{X,9) for some C > 0. For each probability measure v such that H^{u) < +oo we then 
have J ifj u ^ J uniformly in terms o/i/^(z/). 

Proof. Introduce as in Example ^]2| the weight x(s) := (■s + 1) log(s + 1) — s, whose conjugate 
function is x*(i) = e*-t-l. We have ^(•s) < slogs-l-O(l) on [0, -|-oo[, hence J x (^3)7) dfi < A 
for some A > 1 only depending on 

Now let ifj if he a (weakly) convergent sequence in £^{X, 9). By Corollary 3^ we have 
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Since x*{'t) ^ ^e*, we are thus reduced to showing, by definition of the norm || • ||/,x*(^)) that 

hm / \ipj — ip\exp {a\ipj — ip\) dfj, = (3-2) 

i-i-OO J 



for each a > 0. But by Corohary |2.12| there exists B > only depending on C and a such 
that J e~'^°"^dfj. and / e~'^°"^^dfj. are both bounded by B. Since and ip are bounded above 
by C it follows that 

J exp {2a\(fj — dfi < B' 
for some other constant B' > independent of j. By Holder's inequality we infer 



\fj - ¥'|exp(a|(/9j - f\)dfi < B'^/'^\\(pj - 9^11^2 (/i), 
and (3.2) now follows since ifj — )• in L^ifi) by Corollary □ 



Corollary 3.11. Assume that condition (L) of Definition \2. % is satisfied and let ^ be a 
probability measure with local Holder potentials. If € £^{X,6) is a sequence of normalized 
9 -psh functions with finite energy, and ifM.A((fj) has uniformly bounded entropy with respect 
to jJL, then a subsequence of (ipj) converges in energy. 

Proof. Since the set of normalized 9-psh functions is compact, we may assume after perhaps 
passing to a subsequence that ipj converges to some ip in PSH(X, 0). By Proposition and 
(|2.7D there exists A > such that (pj G £\{X,9) for all j. Theorem 3.10| guarantees that 



the measures i^j = MA{ipj) are equicontinuous on £j^{X,9), which implies in particular that 
J (tpj — (p)MA{ipj) —7- 0. By Lemma |2.4| it follows that (fj (p in energy. □ 

Similarly, we get the following stability result for measures with bounded entropy. 

Corollary 3.12. Let ^ be a probability measure with local Holder potentials and assume that 
condition (L) is satisfied. For each v € 7W^(X, 0) let (p^ G £'^{X,9) be the unique normalized 
solution ofMA{{p^) = u. Then v ^ ip^ is continuous on {u G A4{X), H^{v) < C} for each 
C >0. 

Proof. Let vj ^ be a (weakly) convergent sequence of probability measures such that 
HfA.i^'i) — ^ ^^"^ ■~ ^t^j- There exists as above ^4 > such that ipj G £\{X,9) 

for all j. Upon passing to a subsequence we may thus assume that ^pj converges to some 
Lp G £\{X,9)., and we are to show that yiA{ip) = v. But Theorem p.lC guarantees that 



the measures = MA{ipj) are equicontinuous on £j^{X,9), which implies in particular that 
J (ipj — (p})MA{Lpj) —7- 0. By Lemma 2.4 it follows that ipj ipin energy, so that M.A{(pj) = Vj 



converges to MA((/?) by Theorem 2.2, and we have shown as desired that y[A{ip) = v. □ 



4. MoNGE- Ampere mean field equations 
Li this section (X, 0) denotes a compact Kahler manifold X endowed with a big semipos- 



itive closed (l,l)-form 9. We also assume from now on that condition (L) of Definition 2.''i 
is satisfied. We recall that this is at least the case when is a Kahler form, or when 9 is 
cohomologous to an M-divisor. Finally we let /x be a probability measure on X with local 
Holder potentials. 
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4.1. Monge-Ampere mean field equations. Following the terminology introduced in 
[ BerlC ], the Monge-Ampere mean field equation attached to fj, and iX,6) is the equation 

MA{ip) = e-'^+'^fi (4.1) 

where (p G £^{X,9) and c € M is a normalizing constant. In order to make sense of this 
equation, recall that for each f € £^{X,9) the measure e~'^fi has finite mass by Corollary 
2.12. We may thus introduce the corresponding probability measure 



so that ( [4.1| ) rewrites as MA((/9) = fi^. Since this equation contains as a special case the 
equation for Kahler-Einstein metrics on Fano manifolds, it will not necessarily admit a 
solution in general. 

4.2. Regularity of solutions. The following result summarizes the regularity properties 
of solutions to the Monge-Ampere mean field equation. 

Theorem 4.1. If if £ £^{X,6) is a solution of (4-1) then the following hold. 

(i) if belongs to C^{X). 

(ii) If ^ = e^*~'^ dV with tp^ quasi-psh and e~^ G for some p > 1. then ip is C°° 
on any open set U o/ Amp {0) on which i/^^ are C°° . 



Proof, (i) By Lemma 2.13 we have /i < Capg for each p > 0. On the other hand we have 
e"*^ € L''{fi) for all (7 < oo by Corollary 2.12, By Holder's inequality it follows that also 
satisfies < Cap^ for all p > 0, and in particular for p = 2, say. Continuity of ip now 



follows by Theorem 1.2 



(ii) is a special case of Corollary 1.8. □ 

4.3. The Ding and Mabuchi functionals. Following [ BBGZ09 , BerlC|] , we introduce the 
relevant generalization of the usual functionals in the context of Fano manifolds. 

Definition 4.2. The Ding functional Din^ and the Mabuchi functional Mab^ are respec- 
tively defined by setting for Lp G £^{X^ 9) 



Din^((^) := -E{tp) - log J e-^^dfi G 



and 



(4.2) 



Mah^iv) := {H^ - E*) (MA((^)) g] - 00, +cx)]. (4.3) 

Remark 4.3. The Monge-Ampere mean field equation ^j.A ) is, at least formally, the Euler- 
Lagrange equation o/Din^. In the case of Fano manifolds, this functional seems to have been 
first explicitely considered by W.Y. Ding in [ Ding88| , p. 465], hence the chosen terminology. 



Remark 4.4. By (2.5) we have 
Mab^((p) = 



log (^^) MAiip) + Jiip)-I{^), 



which coincides with the usual Mabuchi 'K -energy' functional on a Fano manifold thanks to 
X. X. Chen's formula |CheOO| . 

Lemma 4.5. The Ding and Mabuchi functionals compare as follows: 
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(i) For each ip € E^{X,9) we have 

Mab^((^) - Din^ {^) = H^^ {MA{ip)) > 

with equality iffMA{ip) = fj,^. 

(ii) We have 

inf Mabu = inf Dino € f— oo,+oo[. 
Proof. The first identity is just a matter of unravelling the definitions: 

Mab^((^) - Din^((^) = j log ^Kv) + j V^Hv) + log j e'^df, 

log (^^) MA(<^) = H^^ (MA(<^)) . 

The equality case is dealt with by Proposition |3.7[ 

Part (ii) is proved in |BerlO, Theorem 3.4] (see also | Li08[ ). We reproduce the short 



argument for the convenience of the reader. Set 

/:= inf (H,,-E*)= inf Mab.(v9). 

By (i) it is enough to show that Din^((/?) > / for each ip G E'^i^X^O). By Proposition 
^ any probability measure with H^{v) < +oo belongs to A4^{X,6), so the inequality 
Hf_i{v') > E*{v) + / is actually valid for all probability measures v on X. Using Lemma |3.8| 
and (|2.6| ) we thus get 

- log j e-'^dfi = inf (^H^{u) + j fu^ > E{p) + /, 

which concludes the proof. □ 

4.4. Variational principles for mean field equations. We first observe that the varia- 
tional approach of | BBGZOg| ] applies directly to get: 



Theorem 4.6. If p G £^{X,6) satisfies the equivalent conditions 

Bin Jip) = inf Din„, 
£^(x,e) ^ 



Mahn(ip) = inf Mab^ 
£Hx,e) ^ 



then MA{ip) = 



Proof. The equivalence of the two conditions follows from Lemma 4.5. Up to the different 



sign convention, the last assertion is proved exactly as in | BBGZ09 , Theorem 6.6] by relying 



on the differentiability theorem of [ BeBolOj ]. □ 



We now consider the converse problem, i.e. whether any solution ip of the mean field 
equation is automatically a minimizer of Din^. In the setting of Kahler-Einstein metrics 
on a Fano manifold this was shown to hold by Ding and Tian (cf. p?ia97[| ), at least when 



H°{Tx) = 0. Their result was generalized to singular Kahler-Einstein metrics in [ [BBGZ09|| 
(with no assumption on holomorphic vector fields) as a consequence of Berndtsson's theorem 
on psh variations of Bergman kernels. We now consider a more general situation, which will 
in particular apply to Kahler-Einstein metrics on log- Fano varieties. 
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Definition 4.7. Given a Zariski open subset 0, of Amp (6) we introduce the following two 
conditions on a measure fi. 

(R) Ricci positivity: the restriction of fi to 0, is a smooth positive volume form such that 

Ric(/x|n) > 9 on Q. 
(B) Bergman space triviality: 0{Q) H L'^{i-i) = C. 

Theorem 4.8. Assume that /x satisfies conditions (R) and (B) and suppose given G 
£^{X,6) such that MA((/?) = /i^. Then satisfies the equivalent conditions 

BinJip) = inf Din„, 

Mabu(w) = inf Mab^ . 

In particular, Din^ and Mab^ are both hounded below. 

The key to this result is the following variant of Berndtsson's theorem on positivity of 
direct images. 

Lemma 4.9. Assume that /j, satisfies conditions (R) and (B). Let ip be a 9 -psh function on 

5 X X , where S is a complex manifold, and set ips := (p{s, ■), viewed as a 9-psh function on 
X (or ips = —oo). Then s i— )■ — log/ e~'^'/U is psh on S. 

Proof. Since ft is contained in Amp (9) we may find a ^-psh function ip on X which is 
smooth on and such that 9 + dd'^ip > oj for some Kahler form uj on. X. Upon replacing 
if with (1 — 25)ip + 25^ and then letting 5 — ?> 0+ we are thus reduced to the case where 

6 + dd'^Lp > 2(5 on X X for some (5 > 0. 

On the other hand, since the result is local on S*, we may assume that S admits a smooth 
strictly psh function ips- We now apply Demailly's regularization theorem to i-p. Since 
9 + dd^if > 26 OJ and since uj + dd^ips is a Kahler form on S" x X, it follows from [Dem92] 



that there exists a decreasing sequence {'p') of smooth functions on S" x X (after perhaps 
slightly shrinking S) such that (p^ ^ ip pointwise and 

dd^^ + 9>5uj-ej dd^ips (4.4) 

on S" X X, with ej — >■ as j — )• oo. 

For each j ^ 1 and s € let hi be the smooth Hermitian metric on L := —Kq cor- 
responding to the (smooth positive) volume form e~^^''~^^'^^ on VL. On the one hand, the 
curvature of {L,hi) satisfies 

e^j (L) = Ric(^) + dd^'ipi + Ej dd'^Tps >Suj 



for j ^ 1, as follows from condition (R) combined with (4.4). On the other hand, condition 
(B) shows that the Bergman kernel for L- valued (n, 0)-forms on il. with respect to hi coincides 
with the constant function 

-1 

n 

In particular, this Bergman kernel is smooth on S" x 0. 

Since Hormander's L'^-estimates for L-valued (n, (7)-forms apply for the positively curved 



line bundle {L,hi) on the weakly pseudoconvex manifold Q (cf. for instance |Dem2|), we 
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may then argue exactly as in [|Bern06| , pp. 1638-1640] to get that 



s i-> — los 



is psh on S. The desired result now follows by letting j — )• oo. 



□ 



We will need the following result on "bounded geodesies"; we refer the reader to |Bernll, 
§2.2] for a proof: 

Lemma 4.10. Let (po,<pi be two continuous 9 -psh functions and let S C C be the open strip 
< t := < 1. Let (p be the use upper envelope on S x X of the family of all continuous 
6 -psh functions ijj on S x X such that ip < for t = and < for t = 1. Then we 
have: 

(i) (f is 9-psh and bounded on S x X . 

(ii) [e + (idV)"^^ = on 5 X X. 

(iii) </?t := <f{t,-) converges uniformly to ipo (resp. ipi) as t — ?> (resp. t — )• 1 j. 



Proof of Theorem \^.^ Let ipQ E S'^iX, 0) such that MA((/jo) = /^i^o' ^^sX </?o is continuous 
by Lemma ^^Tj Given ipi G £^{X^ 0) we are to show that Din^((/?i) > Din^((/Jo)- By [[EGZ11[] 
any 0-psh function on X is the decreasing limit of a sequence of continous 0-psh functions, 
and we may thus assume that ipi is also continuous, by continuity of Din^ along monotonic 
sequences. Let then (p be the 0-psh function on x X provided by Lemma 4.10 . On the 
one hand — log / e~'^*fj, is a concave function of t €]0, 1[ by Lemma L9. On the other hand, 
since {6 + dd'^ip)^^^ = on S x X, it follows for instance from [BBGZ09, Proposition 6.2] 
that E{(pt) is an affine function of t, so that T)m^{ipt) is a convex function of t g]0, 1[. By 
(iii) of Lemma [4.1Cl| we also have limt^o+ Din^(99j) = Din^((/?o) and similarly for t — >■ 1_. In 
order to get Din^((/;i) > Din^((/?o) it is thus enough to show that 

^ Din^(v.t) > 0. 
att=o+ 



which is now proved exactly as in [ BBGZ09| , Theorem 6.6]. 



□ 



4.5. Properness and coercivity. 



Definition 4.11. The Mabuchi functional Mab^ is said to be proper if Mab^ +00 as 
J +00, and coercive if there exists e,C > such that Mab^ > eJ — C . 



Extending the Tian's well-known criterion [ Tia87 ] we have: 
Lemma 4.12. If a{9,iJ,) > then Mab^ is coercive. 



Proof. This follows from Proposition 3.9 and the comparison (2.7) between E* and J. □ 



The next result encapsulates the main consequences of the properness of the Mabuchi 
functional to be used in what follows. 

Theorem 4.13. Assume that Mab^ is proper. Then the following properties hold: 

(i) Every weakly converging sequence (pj <p> of normalized 9-psh functions such that 
Mab^((/?j) is uniformly bounded above automatically converges in energy. 

(ii) For each m E M the set {Mab^ < m} is compact in the set of normalized 9-psh 
functions. 
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(iii) Mab^ achieves its infimum at some cp G £^{X,6), which satisfies the Monge-Ampere 
mean field equation i\4.1\)- 



Proof. Let (fj be a sequence of normalized 9-psh functions in £^{X, 6) such that Mah ^{ipj) is 
bounded. By properness of Mab^ it follows that J[^j) is bounded, so that there exists C > 
such that ipj G £^{X, 9) for all j. Since Mab^ = (iif^ — E*)o MA, the measures MA((/3j ) also 
have uniformly bounded entropy (relative to ^), so that they act in an equicontinuous way 
on £}^{X, 9) by Theorem If converges to (p G PSH(X, 9) then we have (p € £'^{X, 9), 



hence J{<Pj — (p)MA{ipj) ^ by equicontinuity, which proves (i) by Lemma 2.4. 

In order to prove (ii) note that {Mab^ < m} is contained in £^{X, 9) for some C > by 
properness. It is thus enough to show that Mab^ is Isc on £^(yX, 9). If ^ 99 is a convergent 
sequence in £^{X,9) then (pj — >■ (/9 in energy by (i), hence E*{MA{ipj)) = I{'Pj) — J{'pj) 
converges to ii^*(MA((^)). Since is lower semicontinuous it follows as desired that 

Mab^(V3) < liminf Mab/,(99j). 



Finally (iii) follows from (ii) and Theorem 4^. □ 



5. 'RiCCI ITERATION' FOR MONGE-AmPERE MEAN FIELD EQUATIONS 

We study in this section a version of Ricci iteration for Monge-Ampere mean field equa- 
tions. Ricci iteration was first introduced and studied in the context of Kahler-Einstein 
metrics by Keller and Rubinstein independently in [Kel09, Rub08| . The standing assump- 
tions on 9 and /i are the same as in Section 0. 



5.1. Uniform convergence. Using [ EGZOS , EGZll ] we get as in the proof of Theorem 



4.1 



Lemma 5.1. For each ip G £^{X,9) there exists a unique continuous normalized 9-psh 
function (ip) such that 

MA{R^ {ip)) = l^^. 

By definition we thus have MA{ip) = /i^ iff R^{^p) = ^p- Given an initial data ipQ G £^ {X, 9) 
we may thus consider the orbit ipj := Rji^ipo), i.e. 

MA{ipj+i) = fi^^ 

for all j > 0. Our goal is to establish the following result. 

Theorem 5.2. Assume that the Mabuchi functional Mab„ is proper, so that the mean field 



equation ((.1) admits a normalized solution Vmf ^ £^{X,9). If this solution is furthermore 



unique then the orbit R-^^{lpq) converges uniformly to p)MF as j ^ 00. 

As in |Rub05, Kel09(| we first observe that Mab^ can only decrease under Ricci iteration. 



Lemma 5.3. For each normalized p G £^{X,9) we have 

Mab^ {R^ (p)) < Mah^ip), 

with equality iff R^ {p) = p. 
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Proof. We have by definition 

Mab^(i?^ ((^)) = {H^ - E*) ((MA(i?^ {ip))) = H^ifi^) - 
Now ( p.4| ) implies in particular that E*{p.^p) > E{ip) — f ipn,p, whereas we have 

Hf,{fiip) = - j (ffiip - log j e^'^dfj, 
by definition. As a consequence we get 

Mab^(i?^ (V?)) < -E{ip) - log je-'^dfi = Din^(v?) 

and the result follows thanks to Lemma [4.5[ □ 

Proof of Theorem 5.2. Let Aic C £^{X, 6) be the set of normalized 0-psh functions (p such 
that M.8h^{ip) < C. Since Mab^ is assumed to be proper, Theorem 4.13 implies that Mab^ 



is Isc, Jv[(j is compact, and every convergent sequence in A^c* converges in energy, for each 
C > 0. 



By Lemma 5.3 Mc is also stable under the action of i?^. We claim that is furthermore 
continuous on Mc- Indeed let ■i/'j — >■ a convergent sequence in Mc such that -R^-i/^j — )■ r 
for some r G Mc- We have to show that r = i.e. MA(r) = Since Rfj,4'j converges 

to r in energy we have MA(i?^'0j) — ?■ MA(r) by Corollary |2.3| . On the other hand we have 
11^. — )■ by Corollary 2.12| , hence the result. 

We are now in a position to show that ipj = Rlicpo converges weakly (hence also in energy) 
to ipMF by using a Lyapunov-type argument. The sequence Mab^((/?j) is non-increasing 
by Lemma |5.3| , hence it admits a limit rrioo as j — )• oo, which is finite by properness of 
Mab^. Since Mab^ is Isc it follows that Mab^((/?oo) = "Zoo for every limit point ip^o of 
the sequence {(fj). By continuity of R^ on Aic R^i^oo is also a limit point of {(fj), hence 



Mah fj_{Rf^ipoo) = rrioo = Mab^((/?oo)- By Lemma 5^ it follows that (/?oo is a normalized 
solution to the mean field equation, so that 9300 = Vmf by assumption, and we have thus 
shown the weak convergence ipj — >■ (puF- 

There remains to show that the convergence is in fact uniform over X. Note first that (pMF 



is continuous by Theorem 4.1. Similarly ipj is continuous for each j > 1. By Proposition 2.6 
it is thus enough to show the existence of A > such that fi^^ < ACapQ for all j. Arguing 



as in the proof of Theorem 4.1 we are reduced to showing the existence of C > such that 



J e '^'^^dfi < C. But this is a consequence of Corollary 2.12 since E{ipj) is bounded. □ 



Remark 5.4. When 9 is a Kdhler form it follows from the uniform version of ||HieplC ] that 



ipj S C'^{X) for some uniform < a < 1, and the convergence ipj (foo therefore holds in 
C^{X) for each ^ < a. 

5.2. Higher order convergence. In what follows we fix a reference Kahler form cj with 
volume form dV = tj". 

Theorem 5.5. Let ^ he a probability measure of the form fi = e^*~'^ dV with quasi- 
psh and e""^ G for some p > \. Assume as above that the corresponding Mabuchi 
functional Mab^ is proper and let ipj = Rji^ipo) be the orbit of a given ipo G £^{X,6). Then 
Aipj = 0{e~'^ ) uniformly on compact subsets of Amp (6). 

If we furthermore assume that ipo and ip± are smooth on a given open subset U C Amp [6) 
then {(fj) is bounded in C°°{U). 
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Proof. We have for each j >0 

where tp'^ and 'ip~ + (pj are Cw-psh for some C > and Cj = log J e"'^-'//. By the proof of 



Theorem |5.2| , cj and Hv^jUco both uniformly bounded, and the first assertion is thus a 



consequence of Theorem 1.5 



The last assertion is now an application of the Evans-Krylov theorem. More precisely, 
the bound |A(/3j| < C on compact subsets of U shows in particular that the local Lipschitz 
constants of tp~^ — ■0" + fj + Cj are locally uniformly bounded on compact subsets of U. 
We may thus apply the explicit version of the Evans-Krylov a priori estimates given in 
[Bio, Theorem 4.5.1] to get a bound on the C^"'"°-norm of ipj on compact subsets of U. 



This implies that ipj is smooth and uniformly bounded in C°°{U) by applying the standard 
elliptic boot-strapping argument to (|5.lD . □ 



Corollary 5.6. Let fi = e^'^~^ dV with tp^ quasi-psh and G for some p > 1. 

Assume that ip± G C°°{U) for a given open set U C Amp (9). Assume also that Mab^ is 
proper and that the Monge- Ampere mean field equation admits a unique normalized solution 
(fUF- Then Rjiipo (foo in C°°{U) for any tpQ G £^{X,9) that is smooth on U. 

6. Convergence of the Monge- Ampere flow 
In what follows the big semipositive form 9 is still assumed to satisfy condition (L) of 



Definition 2.7 



6.1. Song and Tian's theorem. The following result is proved in |ST09]]. 



Theorem 6.1. [ST09] Let fi be a measure of the form fi = e^ ^ dV , where are 
quasi-psh functions with analytic singularities and e~^ G L^ for some p > 1. Let ipQ be 
a continuous 9 -psh function. Then there exists a unique smooth function ip on ]0,+cx3[xil 
satisfying the following conditions. 

(i) Tor each t > Q ipt := if{t, •) extends to a bounded 9-psh function on X. 

(ii) The parabolic Monge-Ampere equation 

(fit = log 

V l^V>t ) 

is satisfied on ]0,+oo[xQ. 

(iii) \[mt^Q(pt = ipo uniformly on compact subsets ofQ. 

Remark 6.2. For each e > let 

MA, := v^\9 + euj + dd")"" 

denote the Monge-Ampere operator associated to the Kdhler form 9+euj, normalized to mass 
one, so that 



:= j{9 + eujT. 



"'^Song and Tian impose more restrictive conditions, but their proof immediately extends to the setting we 
describe here. 
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Let also ipf^ be smooth quasi-psh functions decreasing to as e ^ and set 

^, = e^^-^^dV. 



By construction, the Monge- Ampere flow 99 in Theorem 6.1 is then obtained as the C°° 
limit on compact subsets 0/ ]0, +cxD[xf] of a family of smooth functions ip^ on [0,+oo[xX 
satisfying the following conditions: 

(i) iff is {9 + euj)-psh function for each t > 0. 

(ii) The parabolic Monge-Ampere equation 



= log 

is satisfied on [0, +oo[xX . 
(iii) lim£_i.o+ V'o ~ V^o uniformly on X . 



l^e,Vt 



We now extract from |ST09]the following estimate to be used in what follows. 

Lemma 6.3. There exists p > 1 such that the measures yi.K^{ipl) are uniformly bounded in 
LP for < e < 1 as long as t stays in a compact subset of]0, +oo[. 



Proof. By [3T0£, Corollary 3.4] we have a uniform estimate 

for all < e < 1, as long as t stays in a compact subset of ]0,+oo[. On the other hand, 
the assumption on /i guarantees that = e'^^~^^ dV is bounded in L^ and the result 
follows. □ 

6.2. Monotonicity along the flow. The goal of this section is to show that the Ding and 
Mabuchi functionals satisfy the expected monotonicity property along the Monge-Ampere 
flow. We use the notation of Remark |6.2|. 



Lemma 6.4. Let Mab^ and Din^ respectively denote the Mabuchi and the Ding functional 
with respect to + euj and the measure fig. Then for each t > we have Mabe((/3f) 
Mab^((/?t) and Din^^ipf) Dm^{ipt) as e ^ 0. 



Proof. Lemma |6.3| and Corollary |l.4| show that ipf is uniformly bounded with respect to 
< e < 1. Since iff — ?• tpt pointwise on il. and ipt is smooth on it follows by dominated 
convergence that 

' - vt)MA,{^t) = [{ft- ft)MA,{^t) 



X 



tends to as e — 7> 0. On the other hand, since MAe(99f) MA((/?f) pointwise on and 
MAe((^|) is bounded in L^ we also get by dominated convergence 



as e — )• 0, and similarly 



X 



e"^^dne / e-'^'d^^. 
X Jx 
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Let Es be the Monge- Ampere energy with respect to 9 + eu. Since both ipf and (ft are 
{9 + ew)-psh, the concavity of yields 

We thus see that Ef,{ip'i) — > E{Lpt), which proves that Dine((/?j) — )■ T)m^((pt) as well as the 
convergence of 



E* {MAM)) = EsM) - J^t MA,((^' 



to E* (MA{ipt)). If we set := M.Ai;{(pf)/ fx^ and / := MA((pt) / fj, there remains to show 
that 



H^^ (MA,((^f)) = I if, log fe)dfie 



converges to H^{MA{ipt)) = J {f log f)dfj,. Since felogfs is uniformly bounded and con- 
verges pointwise to / log / on Q, the result follows from the convergence — >■ /i. □ 

We are now in a position to prove: 



Proposition 6.5. Let cpt be the Monge- Ampere flow of Theorem 6.1 with given initial data 
ifQ. Then both Mab^j and Din^ are non-increasing along the flow iff. Furthermore for each 
< tQ < ti we have 

Dm^(v?tJ - Dm^((/?tJ > / \\MA{(pt) - dt. 

J to 

Proof. We cannot directly differentiate the functionals since dd'^tpt is a priori not even 
bounded on $7. By Lemma 6.4, in order to show that t i— )• Mab^{ipt) is non-increasing 
it is enough to show the similar property for Mahs{(Pt)- Since iff is smooth we may then 
perform the following standard computation: 

|Mab,.|,^ „,(MM1)))|ma.(.|) 



nv-^ I {^t + l + log{ j ) dd'^l A + eoj + dd'^l^""-^ 

nvj^ / (^f dd^ log ("MAiMz ] A + eo; + ddVf 

-1 



j dipt A d^ift A{9 + eu} + dd^ifl)''-^ < 0. 



Let us now prove the second assertion. For each t > fixed, Dm^((pt) is the limit as e ^ 
of 



dUe 



and we have 



Din,(99f) = -i^,((^?)-log I e 
-^Dme,fi,{ipl) = J iptMAe{(pl) - J ^Id^ie^^l 

= ^/^.,^| (MA,((^?)) + i^MA^^D {l^e,^l) ■ 
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By Pinsker's inequality it follows that 

Din,((/pfJ - Din,(<^fJ > / ||MA,((pf) - dt. 

J to 

Now the left-hand side converges to Din^((/?tj) — Dm.^{(ptf^) as e — )• 0. On the other hand 
M.Ai;{lpI) — /ie,(^f converges weakly to MA((/?t) — ^^p^. We thus have 

hminf ||MA,((^f) - > \\Mk{^t) - /U^JI 

and we get the desired result thanks to Fatou's lemma. □ 

As a consequence, we get: 

Corollary 6.6. // Din^ is hounded below then there exists a sequence tj +oo such that 
||MA(99iJ - ^ 0. 

6.3. Weak convergence of the flow. 

Theorem 6.7. Let fi be a probability measure satisfying the following assumptions. 

(i) fi is of the form = e'^^~^ dV, where tp^ are quasi-psh functions with analytic 
singularities and E for some p > 1 



(ii) fi satisfies conditions (R) and (B) of Definition 

(iii) The Mabuchi functional Mab^ is proper. 



(iv) The Monge- Ampere mean field equation (4-1) admits a unique normalized solution 



Given a continuous 6 -psh function ipo let (ft be the Monge- Ampere flow of Theorem 6.1 with 
initial value (po. Then we have the convergence in energy 



lim ipt - sup (ft = ^MF- 

t^+co \ X J 

Proof. Set ipt := (ft — supx ^t- By Proposition ^ Din^ and Mab^ are non-increasing along 
the flow. We have in particular Mab^(^4) = Mah^{ipt) < Mab^(9?o)- Since Mab^ is assumed 
to be proper we infer from Theorem |4.13| that {(ft) stays in a compact subset and that any 
weakly convergent subsequence converges in energy. 

We claim that Din^(^j^, ) Din^(^oo) for any convergent subsequence (ftj 'foo- hideed 

we have E{(^t i) ~> E{^oo) since ^t^. converges to (foo in energy, whereas / e~'^*J/i — )• / e~''^^ fi 



by Corollary |2l^ , 



On the other hand since fj, satisfies conditions (R) and (B) Theorem 4.8 implies that 



Din^(93MF) = inf Din^ . (6.1) 

It follows in particular that Din^ is bounded below, and Corollary therefore yields a 
sequence tj +oo such that MA^tpt^) — n^^, — )• weakly as j — )• oo. Upon passing to 
a subsequence we may assume that (ftj converges (in energy) to some function (^oo- We 
then have MA{iptj) MA(^oo) by Corollary whereas — )• /i^^ by Corollary \i.l2 . 



We thus see that this particular limit function satisfies the Monge- Ampere mean field 
equation, hence ^oo = ^mf- Since Din^((/?f) is non-increasing along the flow we conclude 
using ( |6.1| ) that 

lim Din„((/?t) = inf Din„ . 
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Since we have already shown that Din^ is continuous along any convergent subsequence iptj 
we infer from this that any limit point ipoo of i^t minimizes Din^. By Theorem |4.6| it follows 
that (/7mf is the only limit point of as t — t- +oo, which concludes the proof. □ 

7. Kahler-Einstein metrics ON log-Fano varieties 

7.1. Discrepancies and induced measures. A pair {Y, D) is the data of a normal variety 
Y and an effective (Q-Weil) Q-divisor D such that Ky + -D is Q-Cartier. We then write 

yo := 14<,g\suppL>. 

Given a log-resolution vr : X — ?• y of (1", D) (which may and will always be chosen to be an 
isomorphism over Y^), there exists a unique Q-divisor D' such that vr^Z)' = —D and 

Kx = TT* {Ky + D) + D' . 

If we denote by D' = CLjDj the irreducible decomposition of D' then aj is known as 
the discrepancy of {Y,D) along Dj, and the pair {Y,D) is kit (a short-hand for Kawamata 
log-terminal) if aj > —1 for all j. It is a basic fact about singularities of pairs that the same 
condition will then hold for all log-resolutions of Y. 

The discrepancies aj admit the following analytic interpretation. Let r be a positive inte- 
ger such that r{KY + D) is Cartier. If cr is a nowhere vanishing section of the corresponding 

line bundle over a small open set U of Y then I i*"" a A a) defines a (smooth positive) 

volume form on := U HY^. If fj is a local equation of Dj around a point of it^^{U), it 
is easily seen that we have 

TT* (r^'aAcry^'' = JJl/ip'^'dy (7.1) 

i 

locally on ■k~^(U) for some local volume form dV. This shows that (Y, D) is kit iff each 

(2 \ -'-/'" 

z*"" fJ A fJ I has locally finite mass near every point 

of y, so that it can be viewed as a locally defined measure on Y. The previous construction 
globalizes as follows. 

Definition 7.1. Let {Y,D) be a pair. Then any smooth metric (j) on —{Ky + D) induces 
a smooth positive volume form m^y /)) ^ on Y , defined as follows. For each nowhere zero 
section a of a Cartier multiple r{Ky + D) over a small open set U ofY we set 

m(y,D),<^:=k|;;/^(z-VAa)'^'^ (7.2) 

where |(T|r(/) > denotes the pointwise length of a with respect to the metric induced by (j) on 
r{Ky + D). 

It is indeed straightforward to see that m(y does not depend on the choice of r and a. 
The above discussion shows that (y, D) is kit iff some (hence any) adapted measure va.(^y^£)^^^ 
has locally finite mass on Y . In that case we view m^y ^j) as a Radon measure on Y . Note 
that we have 

™-{Y,D),<f> = e'^"'^"T-(y,D),,/. (7-3) 
for any two smooth metrics 0, V' on — {Ky+D). The following result summarizes the analytic 
properties of such measures. 
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Lemma 7.2. Let (y, D) he a projective kit pair and let (p be a smooth metric on — (Ky + D) . 



(i) If TT : X ^ Y is a log-resolution then TT*m(^Y,D),(j> writes e^^ ^ dV, where ip 



± 



are 



quasi-psh functions with analytic singularities and e ^ G for some p > 1. 

(ii) On Y^ the Ricci curvature of the volume form m(^Y,D),<j) coincides with dd^p. 

(iii) The Bergman space 0{Y^) fl L^(m(y £)) ^) contains only constant functions. 

Property (ii) should be compared with [ pT92 , p. 319, Remark]. 

Proof. Write as above Kx = ■k*{Ky -\- D) + D' with D' = Y^ajDj. Let hj be a smooth 
Hermitian metric on the line bundle Ox{Dj) and let Sj € H^{X, Dj) be a section with Dj 
as its zero divisor. If we set 

:= ^ 2ajlog\sj\hj and ip' := ^ 2{-aj) log \sj\h^ 



then ([7.ip immediately shows that 



where dV is a (smooth positive) volume form on X. Since aj > —1 there exists p > 1 such 
that paj > — 1 for all j, and the normal crossing property of "^^j yields e~^ E L^, which 
proves (i). 

The proof of (ii) is straightforward from the very definition of m(^Y,D),^- In order to prove 
(ih), let / € 0(y°) n L'^{m(^Y,D),<t,)- We then have 



/ \fo7r\'Y[\s,\lyV<+^. 



Since a holomorphic function extends accross a divisor as soon as it is locally near the 
divisor, the above condition implies that / o vr extends to X \ IJaj>o -^i' °^ equivalently 

that / extends holomorphically to V \ Z with Z := tt ^Uaj>o^i)- ^^^^ ^'^^^ ^ 

is effective implies that each Dj with aj > is vr-exceptional. As a consequence Z has 
codimension at least two in Y, and the normality of Y therefore shows that / extends to Y, 
hence is constant. □ 

7.2. Regularity of Kahler-Einstein metrics. For simplicity we will use the following 
slightly abusive terminology. 

Definition 7.3. A log-Fano variety is a kit pair {Y, D) such that Y is projective and — {Ky-\- 
D) is ample. 

Let (y, D) be a log-Fano variety. The volume of (y, D) is the top-degree self-intersection 
number v := {—ci{Ky + D))^. We denote by PSH(y, D) the set of all psh metrics on 
— {Ky + D). We also fix a reference smooth strictly psh metric (pQ. 

Given cp € PSH(y, D), we define a (possibly infinite) Borel measure by setting 

m{y,D),0 := e'^''~'^"T'(y,D),</.o- 

By ( [7.3| ) this definition does not depend on the choice of pQ. Next, we define the Monge- 
Ampere energy 

E^Y,D) ■■ PSH(y,D) ^ [-oo,+oo[ 
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by setting 

1 " r 

EiY,D){(t>) ■■= -— E / - Midd'^^y A {dd'^^oT-' (7.4) 

for a smooth (or at least locally bounded) psh metric 0, and extending it by monotonicity 
to PSH(y, D) by 

E{Y,D){(f) = inf {-E(y_D)(^) I V smooth psh, il) > (f) ■ 

We set 

£\Y,D) := {0 G PSH(y,Z))|ii;(y,o)((/>) > -oo} . 

Lemma 7.4. For each (/) G D) we have e'^°~'^ € L'^{m^Q) for all q < +oo. In particu- 

lar, the measure m^Y,D),<ji finite mass on Y . 

Proof. Given a log-resolution ir : X ^ Y set 9 := 7T*dd^(/)Q, which is a big semipositive 
closed (1, l)-form on X with rational cohomology class. By Theorem |2.8| the form 9 sat- 
isfies condition (L) of Definition Setting ip := [cp — ^q) o tt induces homeomorphisms 
PSH(y,Z)) ~ FSR{X,9) and £\Y,D) ~ £^{X,9). The result now follows from Lemma |7!2 
and condition (L). □ 

Definition 7.5. A Kahler-Einstein metric on {Y, D) is a psh metric (p € £^(Y,D) such that 
[dd^cj))'^ = ^rn(^Y,D),(p Z'^'" some normalizing constant A > 0. 

Theorem 7.6. If(j)£ £^{Y, D) is a Kahler-Einstein metric on {Y, D) then (j) is automatically 
continuous on Y and smooth on Y^ . 



Proof. We use the notation of the proof of Lemma 7.4. In terms of the ^-psh function 
if (z £^ {X, 9) corresponding to (j) the equation rewrites as the Monge- Ampere mean field 
equation (9 + dd'^ip)^ = e"'^"*"'^//, with fj, := Tr*'nii^Y,D),<i)o- The result follows by Theorem 

' ' □ 

Remark 7.7. When Y is smooth and D is supported on a smooth irreducible hypersurface, 
it is proved in [ BerlO , JMR11 | that any Kahler-Einstein metric has cone singularities along 
D. In fact, [ JMRll ] even implies that the metric admits a full asymptotic expansion along 
D. 

7.3. Existence of Kahler-Einstein metrics. Let {Y, D) be a log-Fano variety with a 
reference smooth strictly psh metric ^0 on —{Ky + D). We define the following functionals. 
For simplicity we assume </>o normalized by Jy'^(y,d),<Po = 1- For 4> € PSH(y, D) we set 

J{Y,D){4') := v-^ l^{<P - cPo^dd^^cPor - E^Y,D0) e [0,+oo] 

and 

iiY,D){<P) = [ {^0 - 0) {{dd'<Pr - {dd'Mn e [0, +^] 

Jy 

For each probability measure on y we define 

-^(Vd)(^)= sup (e^y,d){(P)- / (0-0o)/^) G[0,+oo] 
<t,££^Y,D) V Jy J 
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li fi = V ^(dd'^cj)^)^ with (p^ £ £^{Y,D) then the supremum defining E*y ^-^{fi) is achieved 
for (t) = (t)^- 

The Ding functional and the Mabuchi functional of {Y,D) are now defined on £^(Y,D) 
by setting 



Din 



{Y,D),<I> 



-E{Y,D){<t}) - log (^j^m^Y,D),4^ e 



and 



Mab(y,z))('A) := (i^Mo - ^(V,D)) (v-'idd'cl^r)) g] - oo,+oo] 
with fiQ := m(y £)) Unravelhng the definitions yields the analogue of Chen's formula: 

Mab(y,B)(</)) = [ log fl^i^^\ (rfd^^)" + J(^Y,D)(.4>) - IiY,D){4>)- 

JY \ 1^0 J 



We also have 



Mab(y^£,) > Din(y^£,) 



In terms of these functionals we then have the following variational characterization of 
Kahler-Einstein metrics. 

Theorem 7.8. Given cp € £^{Y,D) the following conditions are equivalent. 

(i) (f) is Kahler-Einstein. 

(ii) Din(y^£,)((/)) = inf^i(y £,) Din(y^B). 

(iii) Mah^Y,D){(p) = mf£:i(Y,D) Mab(y_£,). 

//Mab(y£)) is proper (i.e. Mab(^Y,D) ~^ +oo as J{y,d) ~^ then there exists at least one 

Kahler-Einstein metric 6. 



As we shall see below (Theorem 7.14| ), the Kahler-Einstein metric is furhermore unique 
(up to a constant) under the properness assumption. Note that we are not restricting to 
metrics invariant under a compact group of automorphisms. 



Proof. We use the notation of Lemma 7.4. By Lemma 7.2 the measure ^ = 7r*m^p satisfies 



conditions (R) and (B) of Definition 4.7. We may thus apply Theorems 4.6, 4.8 to get the 
result. □ 



Following [Tia87, TY87] , BerlO| we introduce: 
Definition 7.9. The a-invariant of a log-Fano variety (Y, D) is defined as 

a{Y,D) := sup |a > 0, sup j e''''^'>-'''^m^Y,D),4>o < ooj , 

where the inner sup ranges over all (/) G PSH(y, D) normalized by supy(0 — 
It is easy to see that a(Y,D) is independent of the choice of (pQ. 



0. 



By Lemma 4.12 we have: 



Corollary 7.10. If a{Y, D) > then Din(y£)) is coercive, i.e. Din^y^D) ^ ^J{Y,D) ~C for 
some £,C > 0. In particular {Y,D) admits a Kahler-Einstein metric. 
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7.4. Uniqueness of Kahler-Einstein metrics. The goal of this section is to explain what 



has to be added to [Bernll] to get the following version of Bando and Mabuchi's uniqueness 



theorem |BM87 | 



Theorem 7.11. Let {Y,D) be a log-Fano variety. For any two Kdhler- Einstein metrics 
and there exists F G Aut'^(y, D) and c € M such that 



bo + c. 



Here Aut''(y, D) denotes the identity component of the stabilizer of D in Aut(y). Since Y 
is reduced and projective, the identity component Aut''(y) is a complex Lie group (cf. |Kol96, 
Exercise 2.6.4]), hence so is its closed subgroup Aut'^(y, D). We will need the following result, 
which is certainly a standard fact even though we have not been able to locate a precise 
reference in the literature. We thank Dror Varolin for his help with the proof. 



Lemma 7.12. Let Y be a normal compact complex space, let ^1 C l^cg be a Zariski open 
subset with codim(y \ ^) > 2, and let S C C be an open subset. Let also (yt)tes be a 
holomorphic time- dependent vector field on the complex manifold 0,. Then the local flow of 
Vt extends to a holomorphic family {Ft^t')t,t'£S of A\x\P{Y) satisfying the expected cocycle 
condition. 



The statement applies in particular to 
has CO dimension at least 2. 



Yreg, since the singular locus of a normal space 



Proof. Each point of Y admits an open neighborhood U isomorphic to a closed analytic 
subset of a polydisc A^. We claim that the restriction of Vt to O n C/ is induced by a 
holomorphic time-dependent vector field {Vt)t£s on that is tangent to O fl C/. To see 
this, set Z := U x S and recall that the relative tangent sheaf Tz/s is defined as the 
coherent O^-module dual to the sheaf of so-called relative Kahler differentials ^^^/S' ^o^^ 
that Z \ (0, X S) has codimension at least 2 and Tz/s is a dual sheaf. Since Z is normal, it 
follows that the section of Tz/s o'^^r fl x S corresponding to (Vt)tgs' automatically extends 
to a global section a € H^{Z,Tz/s)- Now Tz/s is a subsheaf of the pull-back of T/\n to 
U X S. Since A^ x 5 is Stein we thus see that the restriction of o" to f7 x 5 extends as 
desired to a holomorphic time-dependent vector field on A^. 

Let now Ft^t' be the local flow of Vt on A^. Since V is tangent to Q nU, uniqueness for 
the Cauchy problem shows that Ft^t' locally preserves flCiU, at least when t' is sufficiently 
close to t. By analytic continuation, it follows that Ft^t' preserves U for all t, t' for which 
it is defined. As a consequence, for each compact subset K G U we have Ft^t'{K) C U for 
all t, t' sufficiently close to any given point. This implies the desired results since Y , being 
compact, may be covered by finitely many such compact sets K. □ 



Proof of Theorem 7.11. Set S" = {0 < < 1} C C. Let tt be a log-resolution of {Y, D), so 



that we get a commutative diagram 



XxS 



Px 



X 



Y X S 



Py 



Y 
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The kit condition enables to write in a unique way vr* {Ky + D) = Kx + A — S where A is an 
effective Q-divisor with coefficients < 1, ii^ is an effective divisor with integer coefficients, and 
7r*(A — E) = D. We do not claim that A and E are without common components, but on 
the other hand observe that A and E have SNC support and E is necessarily vr-exceptional. 
Set L := —Kx + E, so that the canonical section of Ox{E) induces a holomorphic L-valued 
n-form n on X having E as its zero divisor. We have 

L = -^*{Ky + D) + (7.5) 

where -tt*{Ky + D) is nef and big and (X, A) is kit, so that H"-''^{X,L) = by the 
Kawamata-Viehweg vanishing theorem. On the one hand, let be the psh metric on (the 
^-line bundle attached to) A such that dd^ipj\ = [A], the integration current on A. By 



[Bernll, §2.2], we may consider on the other hand the "bounded geodesic" (/>f connecting (pQ 
and (pi. More specifically, is a bounded psh metric on —pyiKY+D) such that {dd^cp)"'^^ = 
on y X 5, only depends on Kt, is uniformly Lipschitz continuous in t, and converges 



uniformly to (pQ (resp. (pi) as t ^ Q (resp. t — )• 1). As in Section 4.4 we see that t ^ 
T)va.(Y^D){'Pt) is a convex and continuous function on [0, 1] that takes the value sup Dinj-y 
at both end points. It follows that T)'m.(^Y,D){4't) = supDinj-y^)), so that (pt is a Kahler- 



Einstein metric for all t by Theorem |7.8| . By ([7. 51) we may view 

r := 7r'> + p3c^A 

as a psh metric on PxL, thanks to ([7.5|). Arguing exactly as in [Bernll , §6.2], one constructs 

veH"^ [xxS,ni'^'s/s(P*xL)) 

such that 

(px)* (i'^'^^^^^ dd^T A{u + dtAv) A{u + dtAv) e"^) = 0, 

and such that the L^-norm of vt G H'^ [X, i}^^(L)^ (with respect to r^, hence with respect 
to any smooth background metric on L as well) is uniformly bounded with respect to t G S*. 
But we have dd'^T = dd^{'j:'*(p) + [p*-^^], so we infer 

dd%TT'*(P) A{u + dt Av) = (7.6) 

by the Cauchy-Schwarz inequality and the fact that dd'^{TT'*(p) puts no mass on analytic 
sets. As in |Bernll| we may now define a time-dependent vector field 14 on X by requiring 



that ivtU = —Vt, but the difference in our case is that Vt is only holomorphic on X \ E, 
and will a priori have poles along the zero divisor E of u. Note that the corresponding 
time-independent vector field 

on {X \E) X S satisfies iv>{dt An) = u + dt Av. Since we have dd'^{Tr'*(p) A {dt Au) = for 
bidegree reasons, we infer from (|7.6|) and the derivation property of iy that 



iv {dd^{7r'*(l))) A {dt Au) = 0. 

It follows that iv' (dd'^ {tt'* (p)) = for bidegree reasons, hence 

Cv {dd^{^'*(p)) = (7.7) 

for the Lie derivative on {X \ E) x S, by Cartan's formula. Now the modification vr is 
an isomorphism over a Zariski open subset Q C Y whose complement has codimension at 
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least 2. Since E is vr-exceptional, Vt is at least well-defined on it^^{Q), hence descends to 
a holomorphic time-dependent vector field on 0,, that we also denote by Vt for simplicity. 
Using Lemma 7.12| we thus get a global flow Ft^t' £ Aut''(y), and (7.7) shows that moves 



along the flow on hence also on Y by continuity. We thus have for all t,t' £ S 

Fl^,d(f(t)t' = d(f(t)t. 

It follows that F*^,{dd''(l)t,)'' = {dd^cjitT, hence F*^,{dd''(l)t, + [D]) = dd''(pt + [D] thanks 
to the Kahler-Einstein equation, and we thus see that Ft^fi stabilizes D, hence belongs to 
Aut^ {Y,D). It remains to show that Ftt' admits a limit F G Aut^ {Y,D) as t — > and 
t' ^1. 

To see this, observe that the uniform L^-bound of vt for t G S shows that Vt is locally 
bounded on 0, uniformly with respect tot € S. As a consequence, its flow forms a Cauchy se- 
quence locally on as t approaches the boundary of S, and we infer that F = limt^o,t'^i Ft,t' 
exists as a holomorphic map Q ^ Y. We have F^^,{Ky + D) = Ky + D for all t^t' G 5, 
hence also F*[Ky + D) = Ky + D on ^. Since Y is normal and codim(y \ > 2, 
the induced action on sections of — m(/Cy -|- D) on extends to a linear automorphism 
of (y, —m{KY + D)). But the latter space of sections yields an embedding of y in a 
projective space for m ^ 1 since —{Ky + D) is ample, and we obtain the desired extension 
of F to an automorphism of y. □ 



Remark 7.13. In ||DT92 , Definition 1.2], the authors introduce an ad hoc notion of admis- 
sibility for holomorphic vector yields on the regular part YJ-eg of a normal projective variety 



Y such that —Ky is Q-Cartier and ample. The above reasoning using Lemma \7.1^ shows in 
fact that every holomorphic vector field on Y^eg is automatically admissible in their sense. 

As a consequence we show: 

Theorem 7.14. // the Mabuchi functional of {Y,D) is proper then the Kahler-Einstein 



metric (p provided by Theorem \7.^ is in fact unique up to a constant. 



Proof. Let {Ft)t£C be a one-parameter subgroup of Aut''(y, Z?). By Theorem [7.11| it will 
be enough to show that Ft preserves dd^4> for all t. Since F*dd'^(j) is also a Kahler-Einstein 



metric, Mab(y is independent oft by Theorem |7.8| , and J^{Ff(f)) is thus bounded by 

the properness assumption. But since F^cp is a geodesic in the space of psh metrics, J(j,{F^(j)) 
is a bounded subharmonic function of t (compate [|BBGZOS , Bernll[] ), hence is identically 



zero since it vanishes for t = 0. By 1BBGZ09H it then follows that MA{F^*(j)) = MA(0) for 



all t, hence F^*dd''(t) = dd^cf) for all t. □ 

Remark 7.15. Since Ft preserves the Q-line bundle —{Ky + -D), it is not difficult to refine 
the end of the argument and show that actually Aut^{Y,D) = {1} when Mab(y £)) is proper. 



8. RiCCI ITERATION AND KAHLER-RiCCI FLOW ON LOG-FANO VARIETIES 

In this section we let as above {Y, D) be a log-Fano variety with a given reference metric 
(/)(). Our goal is to spell out our convergence results on Ricci iteration and Kahler-Ricci flow 
in this situation. We then introduce a class of examples, generalizing [ AGP06| ]. 
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8.1. Ricci iteration on log-Fano varieties. For each (f) € £^{Y,D) let Ric ^(0) € 

£^{Y, D) be the unique solution of 

(dd^ Ric" V)" = 7 m(y,D),0 

iY'^{Y,D),4> 

normalized by supy(Ric~^</> — (j)Q) = 0. As a direct application of Corollary |5.6| we have: 
Theorem 8.1. Assume that Mab^y /j) is proper and let (pKE be the Kdhler- Einstein metric 



provided by Theorem\7.14, normalized by supy(0KE~0o) = 0- Given a smooth initial metric 



ipQ on — {Ky + D) let ijjj := Ric ^tpQ be the j-th iteration of the inverse Ricci operator. Then: 

(i) ipj is continuous on Y and smooth on for all j. 

(ii) Ipj —7- (pKE uniformly on Y and in C°° topology on Y^ . 



8.2. Convergence of the Kahler- Ricci flow. By Theorem 6.1, given a continuous psh 
metric -^o ^ PSH(y, D) there is a uniquely defined Kahler-Ricci flow {ipt)t>o, characterized 
by the properties: 

(i) is a locally bounded psh metric for each t > 0. 

(ii) {t,x) I-)- ipt{x) is smooth on ]0,+oo[xy'', where it satisfies 

'v-'^idd^iptY 



ipt = log 



m 



with m^j the probability measure induced by m(Y,D),4)i 
(iii) Ipt ipo uniformly on compact subsets of Y^ as t ^ 



Thanks to Lemma 7.2 we may apply Theorem 3.7 to get: 



Theorem 8.2. Assume that Mab^y ^)) is proper and let (/)ke be the Kdhler- Einstein metric 



provided by Theorem 7.14, normalized by supy {^'ke — 4>o) = 0. If ipt is the flow as above with 
given initial data ipo then ipt — ct^ 4>ke in energy as t ^ +oo, with ct := supy{ipt — tpo). 

In particular we have dd'^ipt — )• dd'^^KE niT'd (dd^ipt)^ — )■ {dd^ (pY^^)"^ on Y in the weak 
topology. 

8.3. From Fano manifold to log-Fano varieties. An interesting class of log-Fano vari- 
eties arises by taking quotients of Fano varieties. More precisely, let p : Z ^ Z / G =: Y 
be a (possibly ramified) Galois cover with (finite) Galois group G, and assume that Z 
(hence Y) is Q-Gorenstein. Then there exists a unique effective Q-divisor D supported 
on the ramiflcation locus of Y and such that Kz = p*{Ky + D). This shows that {Y,D) 
has kit singularities iff Z = (Z, 0) does, and (y, D) is log-Fano iff Z is Fano. Note that 
PSH(y, Z?) ~ PSH(Z, 0)*^, and in particular Kahler-Einstein metrics on {Y,D) correspond 
precisely to G-invariant Kahler-Einstein metrics on Z. 

Our next goal is to adapt a very nice construction of [ AGP06|] and produce a rather broad 



class of log-Fano varieties admitting a Kahler-Einstein metric. 

Theorem 8.3. Let Y be a Kahler-Einstein Fano manifold, and let D —Ky be an 
effective anticanonical Q-divisor on Y such that (Y, D) is Ic. Then for each < A < 1 
(y, AD) is a log-Fano variety with T)\n.{YXD) proper. In particular, {Y, XD) admits a unique 
Kahler-Einstein metric. 



It is interesting to compare this result with |BerlO, Theorem 7]. In the latter result 



D ~ —Ky is a smooth irreducible anticanonical divisor on a Fano manifold Y , so that (y, D) 
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is Ic, but Y is not assumed to be Kahler-Einstein. It is then proved that a{Y, XD) — )■ 1 as 
A — > 1_. In particular, Dm^y^xD) is proper for A sufficiently close to 1, and (Y, XD) admits 
a Kahler-Einstein metric. 

Example 8.4. Let H be a degree 2n irreducible hypersurface of Y := (with n > 2). 
Assume that the only possible singularities of H are ordinary double points (i.e. locally 



isomorphic to {Y^^^izf = 0}), so that (Y, H) is Ic (see [[Kol97| , Example 8.15]j. Then 
D := ^^^^H satisfies the assumption of Theorem \8. 4 and it follows in particular that (Y, ^H) 
admits a Kahler-Einstein metric. 

If we let p : Z ^ Y be a double cover ofY ramified along H then Kz = p* {Ky + \H) . It 
follows that Z is a Fano variety with kit singularities that admits a Kahler-Einstein metric 
(invariant under the Galois group of p). Note that such a metric cannot be constructed with 
orbifold techniques when n > 3. Indeed the singularities of Z are also ordinary double points, 
which have trivial local fundamental groups since dim Z = n > 3, hence cannot be quotient 
singularities. 

Proof. Let us first fix some notation. For the duration of the proof we choose < A < 1. 
Since D ~q —Ky we have —Ky r^Q —(3{Ky + XD) with /3 := (1 — A)^^ > 1. Mapping (p to 
/3(/) therefore induces a bijection between PSH(y, AD) and psh metrics on —Ky. Let ipo be 
a reference smooth strictly psh metric on —Ky, and use (/>a := /3~^Vo as a reference point 
in PSH(y, XD). If we normalize the energy functionals by £'y('i/'o) = and E(yxD){4^\) = 
we then have 

Ey{P4>) = pE(j^xr)){'i^) (8.1) 
for all </> € PSH(y, XD). We also set /io := my^^g and px := '^[y,\d),<Px-> 

m(y,AD),0 = e-^^-^A (8.2) 

for all (j) G PSH(y, AZ?) by (|7.3|) . From the definition, it is immediate to check that px = 
e~^^fiQ for some quasi-psh function p such that 

p = log\sD\^ + 0(1), (8.3) 

the norm oi sd being computed with respect to any given smooth metric on the Q-line 
bundle attached to D. The assumption that {Y, D) is Ic means that \sd\^'^'^ is integrable 
with respect to hq for each c < 1, hence e"'^'' € L^{po) for c < 1. 

Step 1. We claim that for each < e <^ 1 there exists C = C(e) > such that 

- E^Y,XD){<P) > log ( e(i+^)(<^^-*)MA) - C (8.4) 

for all (f) € PSH(y, AD). Since Y is Kahler-Einstein, it is a theorem of Ding and Tian (see 
also Theorem [7.8D that Diny is bounded below, which means that there exists Co > such 
that 

-Ey{^l^)> log l^j^e^o-^p^-Co 
for all psh metrics on —Ky. By (|8.l| ) this writes 

-i^(y,AD)(0) > ^log (^e'^^'^^^'^Vo) - 



40 R.J. HERMAN, S.BOUCKSOM, P.EYSSIDIEUX, V.GUEDJ, AND A. ZERIAHI 

for all (j) € PSH(y, \D). We now use Holder's inequality to compare the right-hand integral 
with 

We thus write 

(1 + e)(0A - 0) - = t,/3(0A -</>)-(!- te)-r^P 

with 

te :=/3-i(l + e) = (i-A)(l + e). 
For < e ^ 1 we have < < 1, hence 



log (^y^ e^^+^^^<^^-^^-^Vo j < te log (^y^ e'^^^^-'^Vo j + (1 - te) log (^y^ e-^^~*^^^ ^^Vo 

by convexity of the exponential function (Holder's inequality). But for < e <C 1 we also 
have (1 — te)~^A < 1, so that the last integral to the right is finite (since e~'^^ G L^{^q) for 
all c < 1). Dividing out by 1 + e we thus get 

^ logf / e(i+^)(^-*)-^''^o') <^logf / e'^(^-0+C2, 



l + e \Jy j - P xjy j 

for some = C'2(e) independent of and the desired estimate ( |8.4| follows. 

Step 2. The measure [i\ has ^-density with respect to the smooth positive volume 
form /iQ- As a consequence, ^\ has positive a-invariant with respect to the ample class 
— {Ky + XD) (cf. Section 2^), and we may thus chose < e <C 1 as in Step 1 to furthermore 
satisfy 



log 



< _esup((/) - (t>x) + C3<e j^{(t>x- (t>)MH4>x) + Q (8.5) 



for some constants 0^,04 independent of (p. On the other hand, writing 
(/>A - </> = (1 - e) ((1 + e){(Px -(p))+e {s{ct)x - <P)) 

yields by convexity 

log (^m(y,AD),^) = log (/.^"^'"^/^a) < (l-e)log (^e(i+^)(<^^-'^)^A)+elog 



Y 



Using ( |8.4D and ( |8.5| ) to bound the first and the second term to the right respectively, we 
get 



log (^j^ ra^Y,XD),^^ < -(1 - e^)^(y,AD)(0) + 



6a - </')MA(,/.a) + Cs. 



Now 



and 



Din(y,AD)(0) = -E(y,xd){4>) - log {^j^^{Y,\D),<j}j 



J{Y,XD){4>) = j^{<P - </'a)MA(,/.a) - ^(y,AD)(0), 

so we obtain the coercivity estimate 

Din(y,AD)(0) > e^>/(y,AD)('/') - C^- 



□ 
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